THE FEBRUARY MEETING IN NEW YORK 


The three hundred forty-eighth meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, 
February 26, 1938. The attendance included the following one hun- 
dred ninety-nine members of the Society: 


C. R. Adams, R. L. Anderson, R. G. Archibald, J. J. Barron, E. M. Beesley, 
A. C. Berry, E. E. Betz, Garrett Birkhoff, J. H. Blau, R. P. Boas, Salomon Bochner, 
H. F. Bohnenblust, Samuel Borofsky, Joseph Bowden, C. B. Boyer, H. W. Brink- 
mann, A. A. F. Brown, A. B. Brown, B. L. Brown, J. H. Bushey, J. Hughes Bushey, 
S. S. Cairns, J. W. Calkin, A. D. Campbell, G. A. Campbell, P. A. Caris, J. A. Clark- 
son, T. F. Cope, Richard Courant, J. H. Curtiss, Norman Davidowitz, J. J. DeCicco, 
Vincent Dillon, Arnold Dresden, Melvin Dresher, Nelson Dunford, J. E. Eaton, 
L. P. Eisenhart, H. T. Engstrom, J. M. Feld, Aaron Fialkow, W. B. Fite, Tomlinson 
Fort, R. M. Foster, Jj. S. Frame, Kurt Friedrichs, A. S. Galbraith, G. N. Garrison, 
B. H. Gere, B. P. Gill, R. L. Gilman, J. W. Givens, A. M. C. Grant, M. B. Greene- 
baum, F. L. Griffin, C. C. Grove, Israel Halperin, G. A. Hedlund, Max Herzberger, 
Fritz Herzog, Einar Hille, Banesh Hoffmann, Lulu Hofmann, T. R. Hollcroft, 
Harold Hotelling, S. E. Hotelling, W. N. Huff, E. M. Hull, Witold Hurewicz, W. H. 
Ingram, M. M. Johnson, R. A. Johnson, H. A. Jordan, I. N. Kagno, E. S. Kennedy, 
L. S. Kennison, P. W. Ketchum, L. A. Knowler, T. L. Koehler, E. R. Kolchin, B. O. 
Koopman, Jack Laderman, M. E. Ladue, A. W. Landers, M. K. Landers, Solomon 
Lefschetz, C. H. Lehmann, D. H. Lehmer, B. A. Lengyel, Howard Levi, Madeline 
Levin, W. R. Longley, E. R. Lorch, L. A. Lorch, N. H. McCoy, E. J. McShane, 
L. A. MacColl, C. C. MacDuffee, H. M. MacNeillie, Sr. Marie G. McNeil, W. T. 
Martin, A. E. Meder, E. C. Molina, Deane Montgomery, L. T. Moore, T. W. Moore, 
C. B. Morrey, A. P. Morse, Z. I. Mosesson, D. C. Murdoch, F. J. Murray, Tadasi 
Nakayama, D. S. Nathan, C. A. Nelson, C. J. Nesbitt, D. L. Netzorg, John von 
Neumann, C. O. Oakley, Rufus Oldenburger, J. C. Oxtoby, E. K. Paxton, B. J. 
Pettis, H. B. Phillips, M. H. Plass, E. L. Post, Walter Prenowitz, J. F. Randolph, 
Robert Rawhouser, G. E. Raynor, H. W. Reddick, M. S. Rees, C. F. Rehberg, 
R. W. Rempfer, Moses Richardson, R. G. D. Richardson, W. G. Riley, J. F. Ritt, 
J. H. Roberts, H. P. Robertson, M. S. Robertson, S. L. Robinson, Benjamin Rosen- 
baum, B. M. Rubin, O. K. Sagen, Arthur Sard, O. F. G. Schilling, Hyman Serbin, 
Stefan Serghiesco, L. W. Sheridan, Seymour Sherman, Max Shiffman, L. P. Siceloff, 
L. L. Silverman, James Singer, L. L. Smail, M. F. Smiley, P. A. Smith, Frank Smith- 
ies, Virgil Snyder, E. P. Starke, J. J. Stoker, M. H. Stone, W. C. Strodt, M. M. 
Sullivan, J. D. Tamarkin, A. E. Taylor, W. C. Taylor, C. B. Tompkins, A. W. 
Tucker, J. W. Tukey, Annita Tuller, S. M. Ulam, J. L. Vanderslice, G. B. Van 
Schaack, Oswald Veblen, R. J. Walker, Harry Wallman, S. E. Warschawski, J. V. 
Wehausen, Louis Weisner, M. J. Weiss, M. E. Wells, A. P. Wheeler, O. L. Wheeler, 
H. S. White, A. L. Whiteman, Hassler Whitney, D. V. Widder, Norbert Wiener, 
E. P. Wiggin, L. R. Wilcox, A. H. Wilson, Aurel Wintner, H. P. Wirth, D. W. Wood- 
ard, H. N. Wright, Oscar Zariski, Leo Zippin, H. S. Zuckerman. 


The meeting opened Saturday morning in two sections, Algebra 
and Number Theory, Professor Hassler Whitney presiding, and 
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Analysis, at which Professor H. B. Phillips presided. In the afternoon 
general session, at which Vice President J. F. Ritt presided, Professor 
P. A. Smith gave an address entitled The topology of groups of trans- 
formations. Two sectional sessions followed, for Geometry and To- 
pology, and for Analysis. Professors A. W. Tucker and Joseph Bowden 
presided at these sessions. 

Titles and cross references to the abstracts of the papers read at 
this meeting follow below. The papers were read in the various sec- 
tions as follows: papers numbered 1 to 9, Algebra and Number 
Theory; papers 10 to 18, Analysis (morning) ; papers 19 to 25, Geom- 
etry and Topology; papers 26 to 32, Analysis (afternoon). Papers 33 
to 53, whose abstract numbers are followed by the letter ¢, were read 
by title. Paper 3 was read by Dr. Dresher, paper 8 by Dr. Walker, 
paper 12 by Dr. Boas, and paper 15 by Dr. Martin. 

1. Cayley parametrization and spin representation of orthogonal 
matrices, by J. W. Givens. (Abstract 44-3-105.) 

2. A characterization of the values assumed by polynomials, by 
Howard Levi. (Abstract 44-3-113.) 

3. On the theory of multigroups, by Melvin Dresher and Oystein 
Ore. (Abstract 44-3-101.) 

4. A note on the elementary divisor theory in non-commutative do- 
mains, by Tadasi Nakayama. (Abstract 44-3-118.) 

5. Concerning matrices with elements in a commutative ring, by 
N. H. McCoy. (Abstract 44-3-115.) 

6. A quasi-canonical form in the ring of integers, by O. K. Sagen. 
(Abstract 44-3-123.) 

7. A factorization theorem applied to tests for primality, by D. H. 
Lehmer. (Abstract 44-3-112.) 

8. The algebraic theory of diabolic magic squares, by J. B. Rosser 
and R. J. Walker. (Abstract 44-3-122.) 

9. A formula for the coefficients of the cyclotomic polynomial, by 
J. E. Eaton. (Abstract 44-3-102.) 

10. On a calculus of operators in reflexive vector spaces, by E. R. 
Lorch. (Abstract 44-1-85.) 

11. Abstract self-adjoint boundary conditions, by J. W. Calkin. 
(Abstract 44-3-96.) 

12. Closure theorems for translations, by R. P. Boas (National Re- 
search Fellow) and Salomon Bochner. (Abstract 44-3-95.) 

13. Linear equations in an infinite number of unknowns (prelimi- 
nary report), by J. F. Randolph. (This paper is chiefly the work of 
the late Professor D. C. Gillespie of Cornell University.) (Abstract 
44-3-120.) 
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14. Linear operations which depend analytically on a parameter, by 
A. E. Taylor (National Research Fellow). (Abstract 44-3-130.) 

15. Taylor's series of functions of smooth growth in the unit circle, 
by W. T. Martin and Norbert Wiener. (Abstract 44-3-116.) 

16. The existence of solutions of certain minimum problems for 
multiple integrals, by C. B. Morrey. (Abstract 44-3-117.) 

17. Theorems on the summability of series, by Tomlinson Fort. 
(Abstract 44-3-103.) 

18. Sequences of systems of algebraic differential equations, by W. C. 
Strodt. (Abstract 44-3-127.) 

19. On certain groups of birational contact transformations, by J. M. 
Feld. (Abstract 44-1-81.) 

20. Dimensionality in reducible geometries, by Israel Halperin. 
(Abstract 44-3-107.) 

21. Conformal geodesics in Riemann spaces, by Aaron Fialkow. 
(Abstract 44-1-82.) 

22. Tensor products of abelian groups, by Hassler Whitney. (Ab- 
stract 44-3-134.) 

23. Fields whose geodesic series can be represented by the turbines of 
a flat field, by J. J. DeCicco. (Abstract 44-3-99.) 

24. A symmetric representation of the 27 lines on a cubic surface by 
lines in a finite geometry, by J. S. Frame. (Abstract 44-3-104.) 

25. Kirchhoff constraints and linear graphs, by W. H. Ingram. 
(Abstract 43-11-434.) 

26. Discontinuous solutions for certain problems in the calculus of 
variations, by F. L. Griffin. (Abstract 44-3-106.) 

27. An approach to existence theorems in the calculus of variations 
(preliminary report), by Arnold Dresden. (Abstract 44-3-100.) 

28. Partial differential equations and variation calculus, by Max 
Herzberger. (Abstract 44-3-109.) 

29. The existence of minimal surfaces of least area bounded by pre- 
scribed manifolds, by Richard Courant. (Abstract 44-3-97.) 

30. On linear functionals and completely additive set functions, by 
B. J. Pettis. (Abstract 44-3-119.) 

31. Set-theoretical invariants of the product operation, by S. M. 
Ulam. (Abstract 44-3-132.) 

32. An eigenvalue problem in elasticity with continuous spectrum, 
by J. J. Stoker. (Abstract 44-3-125.) 

33. Cores of complex sequences and of their transforms, by R. P. 
Agnew. (Abstract 44-3-90-t.) 

34. Non-cyclic algebras with pure maximal sub-fields, by A. A. Al- 
bert. (Abstract 44-3-91-t.) 
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35. Generalizations to space of the Cauchy and Morera theorems, by 
E. F. Beckenbach and M. Reade. (Abstract 44-3-92-t.) 

36. Dependent probabilities and spaces (L), by Garrett Birkhoff. 
(Abstract 44-3-93-t.) 

37. Partially ordered linear spaces, by Garrett Birkhoff. (Abstract 
44-3-94-1.) 

38. On parameter groups of linear transformations, by Nelson Dun- 
ford. (Abstract 44-3-140-2.) 

39. The representation of the solution of the generalized Dirichlet 
problem, by J. W. Green. (Abstract 44-1-83-t.) 

40. On the Fourier transform of a singular function, by Philip Hart- 
man and R. B. Kershner. (Abstract 44-3-108-t.) 

41. On the absolute convergence of polynomial series, by Einar Hille. 
(Abstract 44-3-144-t.) 

42. On semi-groups of transformations in Hilbert space, by Einar 
Hille. (Abstract 44-3-143-t.) 

43. The quadric fields in the geometry of the whirl-motion group Gz, 
by Edward Kasner and J. J. DeCicco. (Abstract 44-3-110-t.) 

44. On wave motion for infinite domains, by A. N. Lowan. (Ab- 
stract 44-3-114-t.) 

45. Bilinear transformations in Hilbert space, by F. J. Murray. 
(Abstract 44-1-87-t.) 

46. On the analytic prolongation of a singular solution of the equa- 
tion of Izumi, by L. B. Robinson. (Abstract 44-3-121-t.) 

47. On the derivatives of functions analytic in the unit circle, by 
Wladimir Seidel and J. L. Walsh. (Abstract 44-3-124-t.) 

48. On unbounded convex point sets, by J. J. Stoker. (Abstract 
44-3-126-.) 

49. On the jump of a function determined by its Fourier series, by 
Otto Szdsz. (Abstract 44-3-128-t.) 

50. Linear differential systems and linear operations analytic in a 
parameter, by A. E. Taylor (National Research Fellow). (Abstract 
44-3-129-t.) 

51. On bounded transformations of spaces (preliminary report), by 
S. M. Ulam. (Abstract 44-3-131-2.) 

52. The law of apparition of primes in a Lucasian sequence, by 
Morgan Ward. (Abstract 44-3-133-t.) 

53. On the coefficients of certain modular forms belonging to sub- 
groups of the modular group, by H. S. Zuckerman (National Research 
Fellow). (Abstract 44-3-166-t.) 

T. R. HOLLCROFT, 
Associate Secretary 
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CARATHEODORY ON GEOMETRICAL OPTICS 


Geometrische Optik. By C. Carathéodory. (Ergebnisse der Mathematik und ihrer 
Grenzgebiete, vol. 4, no. 5.) Berlin, Springer, 1937. 4+104 pp. 


As a formal introduction to the mathematical analysis of the principles of geo- 
metrical optics this comparatively slender volume, comprising little more than a 
hundred pages, is a contribution of unusual value that should be welcomed by all 
students of the subject. The author’s qualifications for his task are undoubted. On 
the other hand, in order to read this purely mathematical treatise with advantage 
the student must be qualified too by a due initiation in the realms of both geometry 
and optics. The author rightly considers that the application of the theory in the 
design and construction of optical instruments lies wholly outside the scope of his 
book. The basis of his whole argument is indeed derived from the brilliant specula- 
tions as to the nature of light of two great contemporary philosophers of the latter 
half of the seventeenth century, Pierre Fermat (1601-1665) and Christian Huygens 
(1629-1695). According to the former “la nature agit toujours par les voies les plus 
courtes” (principle of the quickest route or least time), whereas, according to Huy- 
gens’s “principle of accumulated disturbances,” the effect at any place in the all- 
pervading luminiferous ether is to be regarded as the resultant of the innumerable 
partial or secondary influences that concur there from all directions (method of con- 
struction of the enveloping wave-front). Starting from these two general principles 
of the propagation of light (although as a matter of fact Huygens’s principle may be 
deduced from Fermat's), the author of this monograph on geometrical optics regards 
his task as finished when he has developed the laws of optical imagery of the first 
order (as Gauss did for a symmetrical optical instrument in 1841), not attempting 
therefore to pursue the intricate investigation of the aberrations of the third order. 

The seventeenth century was indeed a notable epoch in optical science. It was 
ushered in, so to speak, by the invention of the telescope, inseparably associated 
with the names of G. Galilei (1564-1642), J. Kepler (1571-1630), and C. Scheiner 
(1575-1650), to be followed so soon by the inventions of the compound microscope 
and the magic lantern. The year after Galileo died Sir Isaac Newton (1643-1727) 
was born, and thus the entire century was contained within the lifetimes of these two 
extraordinary men. In 1621 an eminent Dutch professor in the University of Leyden 
named Willebrod Snell (1581-1626) had succeeded at last in finding the elusive law 
of the refraction of light, but he died without publishing the result; and so the sine 
law of refraction was not generally known until it was first publicly announced by 
René Descartes (1596-1650) in his Dioptrics, which appeared in 1637. Entirely igno- 
rant of Snell’s earlier investigations, this great philosopher had derived the law inde- 
pendently in consequence of his theory that light was a pressure transmitted through 
the so-called plenum of space. At that time it had not yet been established that light 
travelled with a finite velocity; nevertheless, according to Descartes’ hypothesis its 
speed would have to be greater in the denser of two media, exactly contrary to the 
inference afterwards drawn from the wave theory of light as developed by Huygens. 

In the two decades that succeeded the publication of Descartes’ book, the sine 
law of refraction was completely verified by experiment. As early as 1657 Fermat 
had sought to formulate a general principle or law of economy for the transmission of 
light as the foundation of the science of dioptrics. However, inasmuch as his con- 
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ception was diametrically opposed to the theory of Descartes, Fermat hesitated to 
pursue his speculations for fear that they would necessarily lead to conclusions that 
were inconsistent with the ascertained law of refraction. Accordingly, some years 
later, when he was induced to resume the study of the question (1661), he was much 
surprised and gratified at the same time to find that as a matter of fact his minimum 
hypothesis led to precisely the same law of refraction as Descartes had deduced from 
totally different assumptions. However, in spite of this encouragement Fermat con- 
tinued to be perplexed by some minor difficulties in the way of his theory, because 
examples could be adduced in which the route taken by the light, instead of being 
the quickest, was on the contrary the longest of any. This particular difficulty was 
pointed out again long afterwards by Sir William Rowan Hamilton (1805-1865) in 
the following passage taken from one of his famous papers published in 1833: 

“If an eye be placed in the interior but not at the centre of a reflecting hollow 
sphere, it may see itself reflected in two opposite points, of which one indeed is the 
nearest to it, but the other on the contrary is the furthest; so that of the two different 
paths of light, corresponding to these two opposite points, one indeed is the shortest, 
but the other is the longest of any. In mathematical language, the integral called 
action, instead of being always a minimum, is often a maximum; and often it is 
neither the one nor the other, though it has always a certain stationary property, 

-+.” (Hamilton’s Mathematical Papers, vol.1, edited by A. W. Conway and J. L. 
Synge, Cambridge, 1931, p. 318.) 

According to Huygens’ wave theory, the optical length between two points in 
the path of a ray of light is equal to the distance that would have been traversed if 
the disturbance had been propagated with the constant velocity of light in vacuo; 
the analytical expression of this distance being therefore the integral /n-dl, where n 
denotes the (constant or variable) index of refraction of the actual optical medium 
and di denotes an element of arc of the trajectory. Now Fermat made the mistake of 
assuming that this integral was invariably a minimum function. Had the calculus of 
variations been invented then, doubtless Fermat, keen mathematician that he was, 
would have formulated his principle correctly by saying that the necessary and suf- 
ficient condition that a linear path shall be a possible route of a ray of light is that 
the first variation of the optical length of any portion of the trajectory must be 
vanishingly small, that is, 6f/n-d/=0. In other words, to use Hamilton’s mode of ex- 
pression, the true theory is a principle of stationary action rather than of least 
action. 

The fact that a normal congruence of rays remains a normal congruence after re- 
fraction or reflection, as announced by E. L. Malus (1775-1812) in 1808, that is, the 
fact that the wave surface is a surface of stationary action which is therefore cut 
orthogonally by rays of light emanating originally from a point-source, may be de- 
duced immediately from Fermat’s principle. 

All these questions, including also a preliminary reference to Hamilton’s char- 
acteristic function and a brief discussion of Descartes’ aplanatic optical surfaces of 
revolution (n-1+n’-l’=constant), are competently treated in the first two chapters of 
Carathéodory’s book. The three remaining chapters which follow in logical order are 
devoted to the theory of optical imagery in its various aspects, comprising such 
subjects as the so-called “Eikonal” functions of H. Bruns (1848-1919), Maxwell’s 
“fish-eye,” and Gauss’s theory. 

After all is said and done, Hamilton’s classical papers published about a century 
ago in the Transactions of the Royal Irish Academy contain the complete theory of 
systems of rays of light. This masterly work remains for all time, but Hamilton’s 
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writings, it must be admitted, are not easy reading and for that reason are not gen- 
erally known even to this day. In the opinion of the present reviewer, not the least 
merit of Carathéodory’s book on geometrical optics is that it is a comparatively easy 
means of access to Hamilton’s “grand theory,” as it was called by P. G. Tait (1831- 
1901) in his essay on Light in the ninth edition of the Encyclopaedia Britannica. 

J. P. C. SourHaLt 


VOLTERRA AND PERES ON FUNCTIONALS 


Théorie Générale des Fonctionnelles. Vol. 1. By Vito Volterra and Joseph Pérés. Paris, 
Gauthier-Villars, 1936. 12+-357 pp. 


The book at hand is the first of a sequence of three volumes entitled Théorie 
Générale des Fonctionnelles, written jointly by Volterra and Pérés. The present volume 
was published in the Borel series of monographs on the theory of functions. The sec- 
ond and third volumes have not been published as yet. 

Volterra was one of the pioneers in the study of the theory of functionals. In 
1913 he published in the Borel series his first book on the subject. It was entitled 
Lecons sur les Fonctions des Lignes and was reviewed by Professor Bliss in this 
Bulletin, vol. 21 (1915), pp. 345-355. In 1924 Volterra and Pérés published jointly 
a book on composition of functions and permutable functions. In 1926 Volterra gave 
a set of lectures on the theory of functionals at Madrid. These lectures were published 
in book form in Spanish. A translation and revision of them was given in 1930 in a 
book entitled Theory of Functionals. This book is descriptive in character and con- 
tains no detailed proofs of the subject matter discussed. The purpose of the three 
volumes, of which the present volume is the first, is to give a systematic and detailed 
study of the material found in the books described above, particularly the last. The 
authors, of course, will incorporate as much as possible of the newer developments in 
the theory of functionals. 

The subject matter to appear in the three volumes is to be divided as follows. 
The first volume is devoted to the general theory of functionals and to the theory of 
integral equations. In the second volume the authors will develop the theory of com- 
position of functions and its relation to integral equations, the theory of integro-dif- 
ferential equations, and extensions of the theory of analytic functions. In the third 
volume they will be concerned chiefly with the completion of the theories developed 
in the first two volumes and with applications of these results. In particular, they 
will discuss the modern theories of the calculus of variations and of analytic func- 
tionals and their applications to mechanics, to mathematical physics, to biology, to 
statistics and political economy. 

The present volume is divided into two parts. In the first five chapters the authors 
develop a general theory of functionals, particularly functionals of curves. In the 
remaining six chapters they are concerned chiefly with the theory of integral equa- 
tions. Chapter I is introductory in character and contains principally a development 
of the concept of functionals. Here and elsewhere the authors give numerous ex- 
amples. Chapter II is devoted to the study of elementary properties of metric spaces 
and to the concepts of continuity and semicontinuity. The theory of the Lesbesgue 
integral is developed. The method used is a modification of one given by Riesz. In 
Chapter III the authors discuss linear functionals of curves and also homogeneous 
functionals of higher degree. The representation theorems of Hadamard and Riesz 
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are given. Operations on functionals of curves including differentials and derivatives 
are taken up in Chapter IV. An extension of Taylor’s theorem is given in terms of 
these derivatives and differentials. A theory of integration of functionals is also de- 
veloped. In the introductory sections of Chapter V the authors point out relation- 
ships between the calculus of variations and the theory of functionals. The remainder 
of the chapter was written by Tonelli and contains a clear exposition of the methods 
of Tonelli used in establishing existence theorems. Existence theorems for absolute 
minima of simple integrals are given. 

The second part of the book is devoted to the inverse problem, that is, to the 
problem of finding a function y(¢) satisfying the functional equation 
(1) F = 2(2), 
where F and z are given. The authors restrict themselves for the most part to inte- 
gral equations. In Chapters VI and VII is found an excellent discussion of Volterra 
equations of the first and second kinds. The authors consider in Chapter VII equa- 
tions with non-bounded kernels, equations whose interval of integration is infinite, 
and equations of the first kind whose kernels have isolated zeros on the diagonal. 
They also take up “integral-functional equations.” A simple example of these is the 
equation 


o(y) — P(y) o(ay) — Af2 o(x) K(x,y) dx = h(y), 


where @ is a constant, P, K, h are known functions, and ¢(y) is the unknown 
function. The method of successive approximations is used here. Equations of Vol- 
terra with two variable limits are also discussed. 

An excellent treatment of Fredholm equations of the first and second kinds is 
given in Chapters VIII, IX, and X. In Chapter IX the authors take up, among 
other things, kernels K(x,y) for which f°] K(x,y) |dy or [2| K(y,x)|dy is uniformly 
bounded for almost all! x, and also kernels of the form H(x,y)/(y—x)*,where H(x,y) 
is continuous. They treat next singular cases, such as the equation of Picard, 

A(x) o(x) + K(x») = f(x), 
where A (x) vanishes at some point on a $x <b. They consider also equations in which 
the principal values of the integrals are used. In Chapter X the authors discuss sym- 
metric and symmetrizable kernels, expansion theorems, the theorem of Hilbert, the 
Riesz-Fisher theorem, and fundamental functions of Schmidt and Fredholm equa- 
tions of the first kind. 

Non-linear integral equations are studied in the last chapter. Equations of the 
forms 

o(x) — H(x,y, 60))dy = h(x), — (x,y, dy = h(x) 
are discussed first. Then a generalized functional determinant of equation (1) above 
is defined and a general implicit function theorem is stated. The theorem is justi- 
fied in special cases. The remainder of the chapter is devoted to equations of Schmidt 
and extensions of these equations. 

At the end of the book one finds an extensive bibliography. The book is well 
written and is a valuable addition to mathematical literature. This volume, together 
with the two which are yet to be published, undoubtedly will be especially useful as 
a reference for the theory of functionals. 

M. R. HESTENES 
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SHORTER NOTICES 


La Réduction des Séries Alternées Divergentes et ses Applications. By J. Ser. Paris, 
Gauthier-Villars, 1935. 6+43 pp. 


Séries Lacunaires. By S. Mandelbrojt. (Actualités Scientifiques et Industrielles, No, 
305; exposés sur la théorie des fonctions publiés sous la direction de P. Montel. 
II.) Paris, Hermann, 1936. 40 pp. 


The first pamphlet is a sequel to a previous work by the same author, entitled 
Calculs Formels des Séries de Factorielles. The discussion throughout is almost entirely 
of a formal nature. The first part of the book is concerned with formal transformations 
of series obtained by use of the notion of a reciprocal sequence. If a sequence is re- 
garded as the set of values taken on by a function f(x) for positive integral values of 
the variable, the reciprocal sequence will consist of the coefficients obtained when the 
function is developed formally in a Newton interpolation series. The second part of 
the work is concerned with the numerical calculation of the coefficients of a factorial 
series corresponding to a function whose values are known for positive integral values 
of the variable. 

The second monograph contains a succinct account of various important results 
connected with Hadamard’s fundamental work on the relationship between the 
coefficients of a power series and the singularities of the corresponding function, and 
Julia’s important extensions of the notions inherent in Picard’s theorem on the be- 
havior of a function having an essential singularity. The author considers both power 
series and the more generai Dirichlet series, but devotes himself primarily to the dis- 
cussion of series of lacunary type. A considerable number of the theorems developed 
in the book are due to Professor Mandelbrojt himself. 

Proofs of theorems are given only in broad outline, and are omitted entirely where 
the method used is not of general interest. The author stresses the close relationship 
between the notion of a Julia line for an integral transcendental function and a sin- 
gular point for a non-integral function. In this connection he introduces a method of 
demonstration which may be used to obtain results concerning singular points or 
results concerning Julia lines. 

C. N. Moore 


Theorie der Gruppen von Endlicher Ordnung. By Andreas Speiser. 3d edition. Ber- 
lin, Springer, 1937. 104-262 pp. 


Although the third edition of this standard text contains only eleven pages more 
than the second edition, there are more than eleven pages of new material, compen- 
sation having been made by setting the type more compactly. The first edition of 
this book was reviewed by G. A. Miller in this Bulletin, vol. 29 (1923), p. 372; the 
second also by G. A. Miller, vol. 34 (1928), p. 526. Mention will be made here only 
of the changes and additions in the third edition. 

The second chapter (Normalteiler und Faktorgruppen) has been entirely rewritten 
and Speiser now uses the generally accepted term “Homomorph” for a many-to-one 
mapping of one group on another. In recognition of the recent development of struc- 
ture (lattice):‘theory he has introduced diagrams and a theorem (theorem 25) typ- 
ical of this theory. 
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A very welcome addition is (Theorem 61) Witt’s proof of Wedderburn’s theorem 
that every finite division algebra is commutative. As given here the proof is almost 
too concise and it is perhaps unfortunate that it is not mentioned that the proof de- 
pends on Theorem 62. Section 43, formerly “Automorphisms of Abelian Groups,” has 
been enlarged to include automorphisms of p-groups by the addition of Theorem 115, 
the Burnside basis theorem, and Theorem 116 by P. Hall on the order of the group of 
automorphisms of a p-group. In Section 47 the theorem of Burnside that a Sylow 
subgroup which is in the center of its normalizer is a factor group is proved by con- 
structing the homomorphism. It is proved that a group whose Sylow subgroups are 
cyclic must be solvable. (The earlier editions proved this merely for groups of square- 
free order.) 

In Chapter 12 on Characters, he adds a section (§60) giving an excellent exposi- 
tion of the relation of representation theory to the theory of semi-simple algebras, 
and another (§61) giving Weyl’s representations of the symmetric group by means of 
the Young symmetry operators. Section 65 now gives Witt’s new proof of the theorem 
of Frobenius that a transitive permutation group in which every element except 
the identity displaces m or n—1 letters has a normal subgroup consisting of the iden- 
tity and the n—1 elements displacing 7 letters. 

Chapter 16 is all new ana treats the composition and invariants of the complete 
linear homogeneous group. 

A collation with the second edition reveals the further additions and changes: 

Page 12. A non-redundant statement of the group axioms. 

Page 27. A discussion of generating relations for the group of inversions and 
translations. 

Page 92. The former Figure 34 has been replaced by Figure 37, a design from 
the grave of Senmut in the necropolis at Thebes. 

Schluss. Inclusion of references to Deuring’s Algebren and van der Waerden’s 
Moderne Algebra. 

Namenverzeichnis. Inclusion of twelve new names. The reference to Faa di Bruno 
should read p. 230 rather than p. 239. 

Sachverzeichnis. Inclusion of seven new terms, in particular “Gruppoid” and 
“Idempotent.” 

MaArRsHALL HALL 


Differential Systems. By J. M. Thomas. (American Mathematical Society Col- 
loquium Publications, vol. 21.) New York, American Mathematical Society, 1937. 
9+119 pp. 

There are two types of “differential systems,” systems of (partial) differential 
equations and pfaffian systems. It has been known since Cauchy and Pfaff that there 
are many relations between solutions of the corresponding two types of equations. 
It is the main purpose of the present book to develop the existence of solutions for 
the two types of equations from a formalized algebraic approach, and to exhibit 
their relations from the view point of Riquier’s theory of “orthonomic” systems. 

After two introductory chapters, Chapter III presents the formal theory of Grass- 
mann algebra and Chapter IV the transformation of pfaffian systems into canonical 
form. Chapter III is self-contained and includes an elegant theory of determinants 
and skew-symmetric matrices. In Chapter IV the properties of the underlying ring of 
differentiable functions which appear as coefficients are very general, and are form- 
ally enunciated as differential and integral assumptions. The main assumption is that 
a pfaffian system in n “marks” of rank n-1 has a differential basis, and it is implied 
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by the assumption that an algebraic system of partial differential equations which, 
corresponding to each unknown, contains at most one equation with a derivative of 
that unknown for leader (a so-called normal system) has a unique solution for each 
set of initial determinations. 

Chapters V and VI, on which later chapters are modeled, are devoted to the 
study of solutions of systems of polynomial equations and inequations in variables 
M1, °** , Yn. The treatment is simplified to a surprising extent by the admission of the 
inequation on equal footing with the equation, and it leads to a decomposition of 
every system into a finite number of canonical systems without common roots. A 
canonical system embraces a sequence of at most m polynomials, each of which con- 
tains variables 4, not occurring effectively in the preceding ones, and its solvability 
is almost trivial. But it should be pointed out that the author does not try out his 
treatment on more elaborate questions concerning multiplicity of roots and ideals of 
polynomials. In Chapters VII and VIII the author presents his decomposition of 
algebraic systems of partial differential equations into passive standard systems. 
These are systems which, in addition to being canonical (as in Chapter VI), satisfy 
a condition of “integrability”; and their solution can in turn be made to depend on 
the successive solution of a finite number of normal systems. Thetreatment of normal 
systems in the author’s version of Riquier’s existence theorem is completed in Chapter 
X. But the book does not include topics of the type of Ritt’s extension of Hilbert’s 
“Nullstellensatz” to differential systems. 

In Chapter IX the investigations of the previous chapters are applied to a study, 
with generalizations of some results to non-linear forms, of Cartan’s existence 
theorems for pfaffian systems. For instance, the integral varieties of a pfaffian sys- 
tem satisfy a related system of partial differential equations, and the solutions of its 
principal canonical factors are all those non-singular integral varieties whose dimen- 
sion is equal to the genus of the pfaffian system. Finally, Chapter XI gives several 
examples to illustrate reduction of pfaffian forms, Riquier’s dissection of a Taylor 
series corresponding to a system of monomials, and reduction of polynomial and 
differential systems. 

SALoMON BocHNER 


Integralgleichungen. By G. Hamel. Berlin, Springer, 1937. 8+-166 pp. 

This book has grown out of a series of lectures delivered in the spring of 1937 at 
the Extension Institute of the Technische Hochschule in Berlin. The lectures are 
addressed to men in practical work, with the general purpose of presenting topics 
not well known to them and of indicating applications of the theory discussed. The 
success of the lectures on integral equations suggested the desirability of publishing 
them for the benefit particularly of engineers and physicists. 

The book contains no new results of interest to the mathematician and could be 
used as a textbook only when supplemented by references to original sources and 
other standard works. The author has, however, achieved considerable success in 
presenting the fundamental concepts and lines of argument against a background of 
ideas based upon definite physical problems. 

The first part of the book (91 pages) contains the material as presented in the 
lectures. The different standard types of integral equations are introduced by the 
familiar problems associated with a vibrating string, and their connection with and 
solution by differential equations are explained. Emphasis is then confined to linear 
equations with symmetric kernel. Solution by Neumann’s method is given and the 
integral equations arising from potential theory are introduced, after which the 
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general theory of Schmidt is presented. The theory is summarized in ten fundamental 
theorems, five of which are stated without proof. The proofs which are given are 
sometimes intentionally lacking in rigor, in order to achieve brevity for a class of 
readers more interested in applications than in mathematical logic. Where such gaps 
have been allowed, the author gives references to other sources. 

The second part follows less exactly the original lectures. It is concerned chiefly 
with the method of Fredholm and includes a brief mention of singular kernels and 
non-linear integral equations. 

W. R. LONGLEY 


A Treatise on the Analytical Dynamics of Particles and Rigid Bodies with an Intro- 
duction to the Problem of Three Bodies. By E. T. Whittaker. 4th edition. Cam- 
bridge University Press, 1937. 14+456 pp. 

This excellent text has been reviewed three times in this Bulletin as follows: 
E. B. Wilson, vol. 12 (1906), pp. 451-458; G. D. Birkhoff, vol. 26 (1920), p. 183; 
W. R. Longley, vol. 34 (1928), p. 671. 

The present edition is identical with the third except that a few errors have been 
corrected and the references have been brought more nearly up to date. 

The account of the problem of three bodies is indeed brief and will be difficult read- 
ing for one not already acquainted with the subject. One wonders whether the author 
has read some recent papers on the problem of three bodies which have appeared in 
American journals, particularly those which discuss the stability of the equilateral 
triangle positions for three finite masses. In this connection it may be remarked that 
the references to recent American papers are incomplete, but this does not detract 
from the merit of the text, which this reviewer regards as the best in its field in the 
English language. 

H. E. BUCHANAN 


Teoria Dinamica dei Regimi Fluidi Turbolenti. By G. D. Mattioli. Padua, Milani, 

1937. 323 pp. 

In this work, which consists largely of a development of ideas put forward by 
Mattioli in fifteen papers published in Italian journals and in the Comptes Rendus, 
the leading idea is that a turbulent mass of fluid consists more or less of discrete ele- 
ments which mix chaotically, an element being regarded as having both linear mo- 
mentum and angular momentum about its center of mass. Such a gyrostatic element 
is supposed to have an ephemeral existence, and its momentary separation from the 
main body of fluid leads to a local state of instability of flow. 

With the aid of these gyrostatic elements of finite size and notions that are gener- 
ally accepted, equations are set up and then a limiting process is used which Karman 
thinks is not quite clear, as it seems to eliminate the finiteness of size on which the 
anguiar momentum depends. Mattioli has, however, recently written to Karman, 
explaining his views more fully. In the second part of the book the equations are 
applied in an able manner to the standard problems of turbulence such as jets, flow 
through a straight pipe, and flow round a curved channel. In the last case a compari- 
son is made between the theoretical results and some measurements made at Pasa- 
dena by Wattendorf. 

Among the results of mathematical interest may be mentioned the occurrence of 
special functions such as the incomplete gamma function, the dilogarithm, and a func- 
tion defined by an indefinite integral with respect to ¢ in which Ce*‘—¢ appears in the 
denominator. 

Harry BATEMAN 
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Einfiihrung in die mathematische Logik und in die Methodologie der Mathematik. By 
Alfred Tarski. Vienna, Springer, 1937. 10+166 pp. 


This book is an introduction in the strictest sense; the reader is led just inside 
one field after another, given a glimpse of interesting things in the interior, and 
dragged away. It is thoroughly elementary, written for a layman who cannot even 
be depended upon to know that “w. z. b. w.” means “was zu beweisen war.” But it is 
a rare combination of elementariness and competence, and experts can profit from 
the clear and correct formulation of elementary concepts which the book provides. 
Particularly noteworthy is the author’s care in avoiding the common confusions be- 
tween sign and object, or between use and mention of expressions. 

The book begins with an explanation of the variable, a discussion of definition, 
and an introduction to the truth functions. Various principles of the truth-function 
calculus are made clear without recourse to truth tables or even symbolic notation. 
Then the basic principles of the theory of identity are explained; also the elementary 
concepts of class theory, stopping short of types; also the principal classifications of 
relations. Special attention is accorded to functions, which are explained as one-many 
relations. The method of defining arithmetical concepts in terms of logic is then 
roughly sketched. Part I concludes with an explanation of the methodological con- 
cepts of axiom, formal system, model, consistency, completeness, and independence. 
The latter three concepts are explained only in their traditional forms (as opposed 
to Post’s formulations), so that they apply only to systems which presuppose ele- 
mentary logic. 

In Part II, three axiom systems for part of arithmetic are compared with a view 
to illustrating mathematical methodology The book closes with two comprehensive 
systems for real-number theory. In the course of these developments the reader be- 
comes acquainted with such concepts as group, field, closed system, compactness, 
and continuity. The excellent exposition of the book is supplemented with an abun- 
dance of skillfully devised exercises. 

It is only in criticizing this book by its own high standards that a few imperfec- 
tions of formulation are to be found. Tarski distinguishes sharply between terms 
(Bezeichnungen) and statements (Séize), and explains that whereas the variables 
“x,” “y,” +++, supplant terms, the variables “p,” “g,”--- , supplant statements. 
This is excellent, and calculated to eliminate questions which arise from the con- 
fused use of “p,” “g,” - - - , as nouns: the question “What sort of objects do the vari- 
ables ‘p,’ ‘g,’--- denote, or take as values?” or the question “What conditions are 
necessary in order that p=q?” But at a few points Tarski himself slips back into the 
use of “p” and “g” as nouns; thus we read “Fiir beliebige p und q --- ,” and again 
“Wenn q aus p folgt und ---.” 

Further, it would have been more in the spirit of his careful distinctions to have 
suppressed the common but confusing terminology “Implikation” and “Equivalenz” 
in favor of “conditional” (“Bedingungssatz”) and “biconditional” (“gegenseitiger 
Bedingungssatz”). The conditional and biconditional are most naturally construed 
as modes of statement-composition (“if-then,” “if and only if”) codrdinate with 
alternation (“or”) and conjunction (“and”), whereas implication and equivalence 
are more naturally construed as metalogical relations between statements, expressed 
by inserting verbs (“implies,” “is equivalent to”) between names of the statements. 

The reader should be warned, finally, against identifying Tarski’s Satzfunktion 
with the propositional function of Principia Mathematica. The former is not a func- 
tion at all, in the mathematical sense of a one-many relation, but is rather a state- 
ment form or matrix, an expression derived from a statement by putting variables 


318 SHORTER NOTICES [May 


for constants. In Principia the propositional function vacillates vaguely between 
this status and the status of a property or relation “in intension,” the latter status 
being the one relevant to the formal developments; but Tarski follows the current 
trend of dispensing with propositional functions in the latter sense in favor of ordinary 


classes and relations. 
W. V. QuINE 


Projektive Geometrie. By Karl Doehlemann. New one-volume edition by Heinrich 
Timerding. (Sammlung Géschen, no. 72.) Berlin and Leipzig, de Gruyter, 1937. 
131 pp. 


Earlier editions of this title in the Sammlung Géschen consisted of two parts, 
nos. 72 and 876, written by Karl Doehlemann. One familiar with them will find in 
the volume under review a new book, entirely rewritten and differing from its 
predecessors in size, content, and style. It goes by the same title, however, and bears 
the same number in the collection as Part I of former editions. 

For example, the third edition of no. 72, published in 1912, contains 179 pages 
and an index, and is divided into seven sections of which the first six carry the reader 
through the pole-polar theory of conics, that is, through the elements of projective 
geometry, customarily so-called. The seventh section is devoted to cones and ruled 
surfaces of the second order. 

The present volume, on the other hand, attempts a more ambitious program. 
This will be sufficiently indicated by a list of its chapters: 1. Projektive Grundgebilde 
in der Ebene; 2. Kurven zweiter Ordnung; 3. Projektive Geometrie des Raumes; 
4. Flichen zweiter Ordnung; 5. Raumkurven dritter Ordnung; 6. Kollineationen und 
Korrelationen. There is no index, but the Inhaltsverzeichnis, in a volume of this 
size, seems to be sufficient as a guide to particular items. 

The first two chapters (59 pages) are devoted to the projective geometry of the 
plane, swiftly developed in the synthetic manner with considerable appeal to intui- 
tion. The double ratio is introduced immediately after central projection and ideal 
elements (in the plane); and the projective relationship is defined in terms of equal 
double ratios. Then, after harmonic points have been defined as four points whose 
double ratio is —1 (when they are taken in a certain order), Desargues’ Theorem for 
two coplanar triangles is given, and is followed by brief discussions of involutions, 
duality, and the projective ordering of points on a line. With this introduction, the 
theory of conics, Pascal’s Theorem, and poles and polars are developed. Thus, after 
a short interlude on imaginary elements, the first and second chapters dispose of the 
material usually considered in an elementary course on projective geometry. 

This more or less detailed examination of the two first chapters indicates the 
nature of the whole treatment. Everything is directed toward one end, to cover 
ground with the strictest economy of expression. Consequently, the arrangement of 
topics is found to be somewhat different from the usual arrangement; and the 
principle of duality is seldom invoked after its initial statement. We find, for ex- 
ample, Brianchon’s Theorem, in the second chapter, discussed only as an illustra- 
tion of the theory of polar reciprocals; and, in the fourth chapter, ruled surfaces are 
introduced as particular types of surfaces of the second order. 

Whatever the disadvantages of such a rapid flight over the field (and I am in- 
clined to feel that much of the essence of geometry is missed by such an enumeration 
of its facts only, without mentioning its logical implications), it does take one to un- 
frequented places. Thus I would note the fifth chapter, on space curves of third order, 
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a topic whose inherent possibilities are too frequently overlooked. It remains as a 
particularly pleasant memory of the flight! 

The sixth and last chapter, with its discussions of plane collineations and correla- 
tions, quadratic transformations, linear and tetrahedral complexes of lines, and space 
collineations, brings the book to a close. This chapter is rather sketchy, perhaps by 
necessity, but it does round out the whole very nicely. 

In general, then, the book is not for the beginner. It is a resumé of a portion of 
the field of projective geometry, intended for a reader who has had some previous 
acquaintance with the details. The approach, one might say, is in the manner of 
Reye, and there is little of the concern for logical detail usually so evident in the 
postulational developments of the present day. However, although some may raise 
objection on the ground that it is not in the modern fashion, it does present quantity 
in a small package and does it well. 

B. C. PATTERSON 


Quantentheorie. By Clemens Schaefer. (Einfiihrung in die theoretische Physik, vol. 3, 
part 2.) Berlin and Leipzig, de Gruyter, 1937. 7+510 pp. 


With this account of quantum theory, Schaefer’s colossal “Introduction” is con- 
cluded; in its more than three thousand pages present and future generations of 
students will find a good, solid, uninspired presentation of the foundations on which 
rest the structure of modern physics and its astronomical, chemical, and technologi- 
cal applications. In approaching this concluding part, one must view it as a unit in 
the broader undertaking, rather than as an up-to-date treatment of quantum me- 
chanics for its own sake; otherwise, it would be difficult to justify the selection of 
topics and the relative space assigned them. 

The first five chapters, almost one-half the book, are devoted to an historical ac- 
count of the development of quantum theory during the first quarter of the century; 
as such, depicting as it does the struggle upward from the difficulties of the old radia- 
tion theory, through Planck’s quantum postulate and the Bohr theory of the atom 
to the semi-empirical Hund theory of spectroscopy, it is excellent. But from the 
logical, and perhaps from the pedagogical, standpoint this approach suffers from 
certain more or less serious disadvantages; thus, the theory of atomic and molecular 
spectra is left, for the most part, at the stage at which it was stranded almost a 
decade and a half ago, with only the assurance that things will really turn out all 
right in terms of the newer, much more satisfactory, theory. 

This newer development is, appropriately enough, given mainly in terms of the 
de Broglie-Schrédinger formulation; after an introductory Chapter 6 on the particle- 
wave dilemma and its resolution with the aid of the wave theory of matter, almost 
a hundred pages are devoted to the solution of the more elementary problems, such 
as the harmonic oscillator and the hydrogen atom with and without external fields, 
and to an elementary consideration of helium and the hydrogen molecule. The sta- 
tistical interpretation of wave mechanics, illustrated by the uncertainty principle 
and the theory of radio-active decay, is treated next, but without touching upon the 
deeper question of the meaning of observation in quantum mechanics. This is fol- 
lowed by a penultimate Chapter 9 on radiation, leading up to but not including the 
Dirac theory of radiation and the important developments based thereon. The book 
closes with a very readable chapter on Dirac’s relativistic theory of the electron. 

Judged from the standpoint of the present, Schaefer’s text seems quite inade- 
quate; it includes, in the main, only those successes enjoyed by the new mechanics 
in the first five years of its existence. Almost no space is given to the more mature 
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stage to which it has settled down in the past ten years, the more critical mathemati- 
cal and conceptual formulation, the justification and extension of the Hund theory, 
the applications to the physics of the solid and liquid states and to chemistry, and the 
important heuristic advances in the theory of nuclear structure. In fine, in spite of its 
size, and although the topics it treats are handled with competence, it is but an in- 
complete chapter in an “Introduction to Theoretical Physics.” 

H. P. ROBERTSON 


Moderne Algebra. By B. L. Van der Waerden. 2d edition. Part 1. Berlin, Springer, 
1937. 9+272 pp. 


This well known textbook on modern algebra here appears in a second edition- 
There are no radical departures from the first edition, but the material has been some- 
what rearranged and the presentation has been improved and simplified in places. The 
author states in the foreword that he recognizes that the axiom of choice and the 
well-ordering theorem are tools which are not desirable for the foundation of alge- 
braic theory and hence he has omitted those parts which depend upon such methods. 

Among the additions to the first volume in this second edition one should men- 
tion the sections on finite fields, vector spaces, and decompositions of rational func- 
tions into partial fractions. Most important is, however, the new chapter on evalua- 
tion theory. This is a theory which one can consider both as an arithmetic and as a 
metric theory of algebraic systems. The author considers Archimedean and non- 
Archimedean evaluations and the corresponding perfect extensions of fields. The 
evaluations of the rational field are determined. The fundamental results of Ostrowski, 
giving all evaluations of the complex field and showing that Archimedean evalua- 
tions can occur only in subfields of the complex field, are indicated but not proved. A 
last section deals with the behavior of evaluations by algebraic extensions of the 
field. 

Let me say, to conclude, that the new edition has preserved the clear presentation 
and readability of the first. 

OysTEIN ORE 


Origins of Clerk Maxwell's Electric Ideas as Described in Familiar Letters to William 

Thomson. Edited by Sir Joseph Larmor. Cambridge University Press, 1937. 

56 pp. 

The twenty-two letters in this collection were written between 1854, the year in 
which Maxwell received the degree of Bachelor of Arts from Cambridge, and 1879. 
In them Maxwell discusses with his friend Thomson the ideas forming in his mind in 
his efforts to develop a comprehensive theory of the electromagnetic field. It is inter- 
esting to observe how he is led, step by step, to reject the action-at-a-distance 
theories of his continental contemporaries in favor of the concept of stresses in a 
medium as propounded by Faraday. The letters are not, however, confined to electri- 
cal theory alone. Some are concerned with the curvature of surfaces, others with vor- 
tices in an incompressible fluid, several trace his maturing ideas on the analysis of 
colors, and optics and thermodynamics take their share. Sir Joseph Larmor has per- 
formed a service to science in making these letters accessible to the public in published 
form. 

LEIGH PAGE 


1938] SHORTER NOTICES 321 


Geometrical Optics, An Introduction to Hamilton's Method. By J. L. Synge. Cambridge 
University Press, 1937. 9+110 pp. 


The book of Synge gives an introduction into the application of Hamilton’s 
original methods. The author avoids the abstract treatment of Hamilton and some 
modern textbooks by wisely restricting himself to the problems of homogeneous 
isotropic media. 

This book develops from Fermat's principle the laws of refraction and reflection 
and the law of Malus. It introduces in its second chapter the three characteristic 
functions of Hamilton, V, T, and W, and shows how the knowledge of these func- 
tions permits the calculation of the image ray to each object ray. It gives the explicit 
form of V for a plane mirror and a triple plane mirror, the explicit form of T for a 
sphere and a paraboloid of revolution. 

Chapter 3 contains the first order laws, not in modern form, but in the form Hamil- 
ton has given. Chapter 4 gives the Gaussian theory and the-image error theory of 
Seidel for a system of revolution. At the end of the chapter Abbé’s sine condition 
is demonstrated and the development of the characteristic function of T up to fourth 
order members is given for a thin system, that is, for an optical system where the 
thicknesses of the single lenses and their distances are neglected. The last chapter 
demonstrates that most of the laws found remain true if we assume the media to be 
heterogeneous, but isotropic. 

The book is clearly written and can be highly recommended from a didactic 
standpoint. It is, however, regrettable that the author completely omits every- 
thing that has been done since Hamilton’s time; for example, the fundamental work 
of Allvar Gullstrand. It is true that Hamilton’s ideas should form the fundamentals 
of every scientific textbook of optics, but new methods of investigation have been 
found and problems studied which would be difficult to attack with Hamilton’s 
methods. 1 will give one example. 

Instead of Hamilton’s characteristic function V defined as the light path, Suds, 
between two points P; and P2, we ordinarily use a modification by Bruns, which 
does not allow P; and P; to be arbitrary in space, but restricts them to two surfaces 
such that through every point of the first surface there goes one and only one ray to 
every point of the second surface. It is always possible to find for each regular surface 
a second regular surface fulfilling this condition. This function characterizes the 
optical image formation as completely as does Hamilton’s function. Moreover, it is 
free from singularities, whereas Hamilton’s function has indefinite derivatives as soon 
as P, becomes a point conjugate to P;. A great part of contemporary work in optics 
is devoted to the problem of finding Bruns’ modification of Hamilton’s characteristic 
for certain image formations, or, vice versa, to find the geometric qualities of the 
image formation if Bruns’ function has a special form. 

These remarks are not intended to disparage Synge’s book; they are meant only 
to show its limitations. 

Max HERZBERGER 


NOTES 


The International Federation for Documentation will hold its fourteenth confer- 
ence on documentation, September 21-26, 1938, at Lady Margaret Hall, Oxford. 


The Fourth Annual Research Conference on Economics and Statistics under the 
auspices of the Cowles Commission for Research in Economics will be held at Colo- 
rado College, July 5-29, 1938. Among the speakers will be R. G. D. Allen, Alfred 
Cowles, S. von Ciriacy-Wantrup, H. T. Davis, E. L. Dodd, Mordecai Ezekiel, 
Arne Fisher, M. M. Flood, F. L. Griffin, H. P. Hartkemaier, H. E. Jones, Margaret 
Joseph, D. H. Leavens, A. P. Lerner, Joseph Mayer, Francis McIntire, Horst Men- 
dershausen, J. Neyman, V. D. Reed, C. F. Roos, Henry Schultz, Horace Secrisi, 
Gerhard Tintner, A. Wald, R. J. Watkins, E. J. Working, T. O. Yntema. A final pro- 
gram, giving exact dates of lectures and other information, will be availabie cn re- 
quest about June 1. Moderately priced living accommodations will be provided by 
Colorado College. All who plan to attend the conference should notify the Cowles 
Commission as soon as possible, giving expected dates of arrival and departure. 


Models of second order surfaces and a few models of more advanced type made 
by the late Professor R. P. Baker will be available for purchase. Descriptions of the 
models may be had upon application to Dr. Frances E. Baker, Mount Holyoke 
College, South Hadley, Mass. 

The Kelvin Medal Award Committee has awarded the Kelvin Medal for 1938 to 
Sir J. J. Thomson, Master of Trinity College, Cambridge, in recognition of the 
eminent service he has rendered to engineering science. The presentation was 
made by Lord Rayleigh at the Institution of Civil Engineers, on May 3. 


Assistant Professor Wilhelm Maier, of the University of Greifswald, has been 
promoted to a professorship. 

Mr. H. W. Norton, of the Iowa State College, has been appointed assistant lec- 
turer at the University of London. He is to study at the Galton Laboratory. 


Professor Carl Siegel, of the University of Frankfurt, has been appointed to a 
professorship at the University of Géttingen. 


Dr. Egon Ulbricht has been appointed to an assistant professorship at the Uni- 
versity of Giessen. 

Professor Theodor Vahlen, of the University of Berlin, has retired. 

The following seventy-two doctorates, with mathematics or mathematical physics 
as a major subject, were conferred during 1937 in universities in the United States 
and Canada; the major subject is mathematics unless otherwise specified. The uni- 


versity, month in which the degree was conferred, minor subject (other than mathe- 
matics), and the title of the dissertation are given in each case if available. 


O. B. Ader, Kentucky, August, Concerning an affine invariant of convex regions. 


C. B. Allendoerfer, Princeton, January, The embedding of Riemann spaces in the 
large. 


G. F. Alrich, Maryland, June, Hyperconformal transformations. 
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M. L. Bishop, New York, June, minor in physics, On the algebra of finite square 
matrices with real quaternionic elements. 
Archie Blake, Chicago, August, Canonical expressions in Boolean algebra. 
R. P. Boas, Jr., Harvard, June, The iterated Stieltjes transform. 


J. W. Calkin, Harvard, June, Applications of the theory of Hilbert space to partial 
differential equations. 


Harold Chatland, Chicago, August, The asymptotic Waring problem for homogene- 
ous polynomial summands. 


H. R. Cooley, New York, February, minor in physics, Some systems of quasi-linear 
partial differential equations with identical principal parts. 


C. H. Denbow, Chicago, June, A generalized form of the problem of Bolza. 


C. H. Dieckmann, California (Berkeley), May, A study of the surfaces generated 
by a point that moves in certain relationships to two fixed lines of space. 


F. W. Dresch, California (Berkeley), August, Applications of index numbers to the 
study of general economic equilibria. 


Melvin Dresher, Yale, June, Multi-groups. A generalization of the notion of group- 


W. A. Dwyer, Nebraska, June, minor in physics, On certain fundamental identities 
due to Uspensky. 


F. G. Fisher, California (Berkeley), May, The representation of quacric surfaces 
upon a space of nine dimensions. 


A. S. Galbraith, Harvard, June, Differential equations of the second order with 
irregular singular points of special type. 


F. C. Gentry, Illinois, June, minor in physics, Groups of Cremona transformations 
in space of ternary type. 


M. J. Gottlieb, Washington (St. Louis), June, minor in physics, Am investigation 
of polynomials orthogonal on a finite or enumerable set of points. 


A. M. C. Grant, Bryn Mawr, June, Asympotic transitivity on surfaces of variable 
negative curvature. 


Louis Green, Chicago, August, Systems of quadrics associated with a point of a sur- 
face. 


O. H. Hamilton, Texas, June, minor in economics, Non-unique solutions of first 
order ordinary differential equations. 


Father B. A. Hausmann, Yale, June, Quasi-groups. 


A. E. Heins, Massachusetts Institute of Technology, February, The multidimen- 
sional operational calculus. 


A. S. Householder, Chicago, June, The dependence of a focal point upon curvature 
in the calculus of variations. 
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D. H. Hyers, California Institute of Technology, June, minor in physics, Integrals 
and functional equations in linear topological spaces. 

J. E. Ikenberry, Cornell, June, An involutorial transformation with a multiple cor- 
respondence on lines joining conjugate points. 

S. B. Jackson, Harvard, June, Differential properties in the large of spherical curves 

E. C. Kennedy, Rice Institute, June, Fuchsian groups of genus 2. 

R. B. Kershner, Johns Hopkins, June, The addition of convex curves and the Rie- 
mann zeta function. 


D. W. Kerst, Wisconsin, June, major in physics, minor in mathematics, The de- 
velopment of electrostatic generators in air pressure and applications to excitation func- 
tions of nuclear reactions. 


L. D. P. King, Wisconsin, June, major in physics, minor in mathematics, Range 
and disintegration experiments with protons bombarding lithium, and design of high 
voltage equipment. 

L. A. Knowler, Iowa, May, minor in applied mathematics and physics, Actuarial 
aspects of recent old age security legislation. 


D. B. Kohlmetz, Ohio State, December, Certain problems of a special character in 
convex functions. 


O. E. Lancaster, Harvard, June, Non-linear algebraic difference equations. 

C. A. Lester, Wisconsin, June, A determination of the automorphisms of certain 
algebraic fields. 

L. L. Lowenstein, Cornell, September, Linear equations with an infinity of un- 
knowns. 


H. A. Luther, Iowa, July, minor in physics, An irregular third-order boundary value 
problem. 


Dorothy Manning, Stanford, June, minor in chemistry, On simply transitive groups 
with transitive abelian subgroups of the same degree. 

A. N. Milgram, Pennsylvania, June, Decomposition and dimension of closed sets in 
R*. 

W. C. Mitchell, Cincinnati, June, On Euler summability and one of its generaliza- 
tions. 

Virginia Modesitt, Illinois, June, minor in astronomy, Some singular properties 
of conformal transformations between Riemannian spaces. 

A. P. Morse, Brown, June, Convergence in variation and related topics. 

N. A. Moscovitch, Chicago, March, Studies of the inverse problem of the calculus of 
variations. 

Z. I. Mosesson, Harvard, June, Maximal sequences of polynomials. 


D. C. Murdoch, Toronto, June, Fundamental exponents in the theory of algebraic 
numbers. 
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C. J. Nesbitt, Toronto, June, On the regular representations of algebras. 


A. C. Olshen, Iowa, May, minor in applied mathematics and commerce, Trans- 
formations of the Pearson type 111 distribution. 


Morris Ostrofsky, Wisconsin, June, major in physics, minor in mathematics, 
I. Effects of exchange of forces on the excitation function of Lt" under proton bombard- 
ment. II. The excitation function of Li’ under proton bombardment. 


K. L. Palmquist, Kentucky, August, On ideals in a quaternion algebra and hermi- 
tian forms. 


E. W. Paxson, California Institute of Technology, June, minor in theoretical 
physics, Analysis in linear topological spaces. 


S. E. Pence, Illinois, June, minor in astronomy, The configuration of the double 
points of cubics of a pencil. 


P. M. Pepper, Cincinnati, June, An application of geometry of numbers to a gen- 
eralization of a continued fraction. 


B. J. Pettis, Virginia, June, On integration in vector spaces. 


M. H. L. Pryce, Princeton, June, major in mathematical physics, On the theory of 
light quanta. 


W. T. Puckett, Jr., Virginia, June, Some properties of cyclic elements of higher order. 
Harriet Rees, Chicago, August, Ideals in cubic and certain quartic fields. 


Erwin Ritter, New York, June, minor in physics, The problem of Plateau for a 
Schwarz chain. 


J. H. Schotland, New York, June, An analysis of methods of plane curve fitting. 
Hyman Serbin, Pittsburgh, February, Non-commutative polynomials. 


M. F. Smiley, Chicago, August, Disconti: s solutions for the problem of Bolza 
in parametric form. 


J. R. Stehn, Wisconsin, June, major in physics, minor in mathematics, I. Theory 
of the electronic energy levels of simple hydrides. 11. Theory of fine structure in the Li’ 
nucleus. 


E. C. Stopher, Iowa, February, minor in applied mathematics, Interrelations of a 
family of operators on point sets and their canonical representation. 


R. M. Thrall, Illinois, June, minor in physics, Metabelian groups and trilinear 
forms. 


Annita Tuller, Bryn Mawr, June, The measure of transitive geodesics on certain 
three-dimensional manifolds. 


F. A. Valentine, Chicago, March, The problem of Lagrange with differential inequal- 
ities as added side conditions. 


R. H. Valentine, Massachusetts Institute of Technology, June, minor in physics, 
Travel-time curves in oblique structures. 
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R. W. Wagner, Michigan, June, Multiple-valued functions in matrix space. 
Henry Wallman, Princeton, June, Lattices and topological spaces. 


F. P. Welch, Illinois, June, minor in physics, Singular non-linear first order differ- 
ential equations contatning a parameter. 


E. T. Welmers, Michigan, February, Set functions and measurability conditions. 


L. S. Winton, Duke, June, minor in applied mathematics, Compatible integro- 
differential systems. 


Shaun Wylie, Princeton, June, Duality and intersection in general complexes. 


The following doctorates were conferred in 1936, but were not included in the list 
in the preceding volume of this Bulletin (vol. 43, pp. 320-325): 


P. O. Bell, California (Berkeley), May, Certain covariant configurations associated 
with a general curved surface. 


W. C. Taylor, Wisconsin, October, Asymptotic formulas for the Whittaker function. 


F. L. Yost, Wisconsin, October, major in physics, minor in mathematics, Radia- 
tive capture of protons by carbon and Coulomb wave functions in repulsive fields. 


Dr. C. L. Alsberg, of Stanford University, has been appointed director of the 
Giannini Foundation of Agricultural Economics at the University of California . 


Associate Professor C. A. Garabedian, of Wheaton College, has been promoted to 
a professorship. 


Assistant Professor R. H. Knox, of the Virginia Military Institute, is on leave of 
absence. He is at the University of Michigan. 


Assistant Professor R. R. McDaniel, of the Virginia State College, Ettrick, Va., 
has been promoted to an associate professorship. 


The note concerning Dr. L. E. Mehlenbacher which appeared in the March issue 
of this Bulletin (vol. 44, no. 3, p. 184) is incorrect. His position is correctly reported 
in an earlier issue (vol. 43, no. 11, p. 762). 


Professor Herman Wey1, of the Institute for Advanced Study, has been appointed 
toa Walker Ames Professorship of Mathematics at the University of Washington for 
the first term of the summer quarter, 1938. He will conduct a course on selected 
mathematical problems and will also deliver a series of evening lectures on the gen- 
eral subject Symmetry and relativity. 


Dr. Melvin Dresher has been appointed to an instructorship at Michigan State 
College. 


Dr. Gustav Jager, professor emeritus of theoretical physics at the University of 
Vienna and a member of the Vienna Academy of Sciences, died on January 21, 1938, 
at the age of seventy-three years. 


Professor Edmund Landau, formerly of the University of Géttingen, died on 
February 19, 1938, at the age of sixty-two years. 
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The death of Assistant Professor Theodor Radakovié, of the University of Graz, 
is reported. 


Dr. R. B. Allen, Peabody Professor of Mathematics and Civil Engineering at 
Kenyon College, died on March 4, 1938. He had been a member of the Society for 
over thirty years. 


Professor Emeritus H. W. Tyler, of the Massachusetts Institute of Technology, 
died February 3, 1938. He had been a member of the Society since 1894. A more 
adequate notice will appear in a later issue. 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


167. R. P. Agnew: On oscillations of real sequences and their trans- 
forms by square matrices. 


The oscillation Q(s) of a sequence s, of complex numbers is defined by 2(s) 
=lim supm,n.o|Sm—Sn|,and the transform y, of a sequence x, by a matrix A =|lane 
of complex constants is defined by yn =) AnkXz, (n=1, 2,--+ ). This paper gives 
several characterizations of the matrices A having the property that 2(y) < Q(x) for 
each bounded real divergent sequence x,. (Received March 5, 1938.) 


168. A. A. Albert: A note on normal division algebras of prime de- 
gree. 


The note gives a proof of the following theorem: Let D be a normal division 
algebra of degree p over K and let m be prime to p. Then if D has a normal splitting 
field W of dezree mp over K witha cyclic subfield of degree m, the algebra D is cyclic. 
The result is seen to be a generalization of and to provide a new proof for the theorem 
that all normal division algebras cf degree three over K of characteristic three are 
cyclic. (Received March 4, 1938.) 


169. C. B. Allendoerfer: An indicatrix for Riemann spaces. 


The spherical indicatrix of an n-dimensional Riemann space imbedded in an m- 
dimensional euclidean space is defined as a generalization of Gauss’ indicatrix. This 
permits a discussion of the lines of curvature and the total curvature of such a space. 
It is proved that when the dimension of the indicatrix is 7, there exist »—r inde- 
pendent families of straight lines on the surface. Applications to special cases are 
given. (Received March 11, 1938.) 


170. H. A. Arnold: Fixed-point theorems in semi-ordered spaces. 


A comparative study is made of the fixed-point theorems of Tychonoff, Leray 
and Schauder, and Rothe, and generalizations are deduced for semi-ordered linear 
spaces. The calculus of Fréchet differentials in semi-ordered linear spaces, developed 
in a previous paper, is applied to obtain a generalization of a theorem of Leray and 
Schauder. (Received March 12, 1938.) 


171. H. A. Arnold: The theory of integration in linear L-spaces. 


The author studies the theory of functions on R to L*, where R is the space of 
real numbers and L* is a general linear space endowed with a notion of limit. A Rie- 
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mann integral is defined, by the use of the idea of a transfinite sequence of sets, and 
is proved to exist and to be unique when the integrand is a continuous function. The 
fundamental theorem of the integral calculus is extended to this integral, where the 
derivative is a generalization of that of Gateaux. The Fréchet differential of a func- 
tional relation from one L* space to another is defined, and it is proved that a neces- 
sary and sufficient condition that such a relation be constant over a convex set is that 
its Fréchet differential be zero. (Received March 12, 1938.) 


172. W. L. Ayres: On point-wise almost periodic homeomorphisms. 


A transformation T is said to be periodic in the large on the set A if T*(A) =A for 
some n. The transformation is said to be element-wise almost periodic if for any 
e>0 there exists an m such that for each cyclic element E there is a cyclic element E’ 
so that T"(Z’)=E’ and E+T*(E) ¢ S(E’, €). In this note it is shown that a point- 
wise almost periodic homeomorphism T of a Peano space M is element-wise almost 
periodic and is periodic in the large on every cyclic element of M, save possibly its 
end points. (Received March 18, 1938.) 


173. G. A. Baker: Correlation surfaces of two or more indices when 
the components of the indices are normally distributed. 


The distribution of a single index, both of whose components follow the normal 
law, was given in a paper, Distribution of the means divided by the standard deviations 
of samples from non-homogeneous populations, Annals of Mathematical Statistics, 
February, 1932, pp. 3-5. The present paper gives the simultaneous distributions of 
two or more indices when all components follow the normal law. The original fre- 
quency function of the components is transformed in terms of indices and the de- 
nominator component. The denominator component is then eliminated by integra- 
tion. In addition it is shown that both components and indices may be uncorrelated 
over restricted ranges even though the indices are usually correlated when the com- 
ponents are not. (Received February 16, 1938.) 


174. R. H. Bardell: The inequalities of Morse when the maximum 
type 1s at most three. 


In this paper the inequalities of Morse, for the extremal arcs joining two fixed 
points in the plane, are obtained. It is assumed that each extremal arc is of type m <3. 
The method of proof is to arrange the extremal arcs joining the two fixed points into 
pairs such that the extremal arcs of each pair differ in type by unity. Let Eo designate 
an extremal arc of type zero joining the two fixed points. Then the extremal arcs of a 
pair are defined to be those for which a given intersection with EZ, moves on and off 
Eo. This method is of interest since all previous treatments of the problem either 
have made use of rather complicated theorems from analysis situs or have assumed 
reversibility of the extremal arcs. (Received March 10, 1938.) 


175. R. C. F. Bartels: Saint-Venant's flexure problem for a regular 
polygon. Preliminary report. 

The paper gives a solution of the flexure problem for a cylindrical beam with 
cross section in the form of a regular polygon of any number of sides. The problem 
requires the solution of a Dirichlet problem for the polygonal region. The boundary 
conditions are determined from the equation X, cos (x, n)— Y, cos (y, n) =0 that the 
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components of shearing-stress X, and Y, satisfy on the lateral surface of the beam, 
nm representing the externally directed normal to the boundary of the cross section. 
The method used was devised by N. Muschelisvilli (Rendiconti della Reale Accademia 
dei Lincei, (6), vol. 9 (1929), pp. 295-300). It consists of mapping the region in ques- 
tion upon a unit circle and employing an integral formula analogous to that of 
Schwarz. (Received March 11, 1938.) 


176. E. T. Bell: Generalized Stirling transforms of sequences. 


From any initial sequence A,, (n=0, 1,--- ), an infinity of sequences A,‘, 
(r=0, +1, +2, - - -), are generated by the process of transformation A,‘ =(A‘*t»),, 
where (x), denotes the factorial function x(x —1) - - - (x—n+1), (n>0), (A“)o=Ao™, 
and, after expansion of the symbolic factorial, the sth power of A‘’*» is replaced by 
A,‘*+», Hence, if the A, are integers, Lagrange’s identical congruence and its ex- 
tensions at once give congruence properties of the A,”. A triple infinity of integer 
constants, generalizing the Stirling numbers of both kinds, appear as coefficients, 
whatever the initial sequence; these are also investigated. (Received March 14, 1938.) 


177. B. A. Bernstein: Sets of postulates for Boolean groups. 


The elements of a Boolean algebra form a group with respect to the operaiion 0 
given by ab’+a’b. The author gives a number of sets of postulates for this Boolean 
group. These postulate sets bring out the relation of o to the “+” and the “—” of 
abelian groups. (Received March 12, 1938.) 


178. Garrett Birkhoff: New properties of lattices. 


It is shown that the sublattice of any modular lattice generated by two chains is 
distributive; this is related to the Schreier-Zassenhaus generalization of the theorem 
of Jordan-Hélder. Again, the decomposition of any partially ordered system with 0 
and J into direct factors, is strictly unique; this was previously known only for lat- 
tices. (Received March 15, 1938.) 


179. R. P. Boas (National Research Fellow): On the Stieltjes mo- 
ment problem. Preliminary report. 


The author considers the generalized Stieltjes moment problem ing P»da(t), 
where a(t) is normalized and non-decreasing, and Condi- 
tions on the sequence {u,} sufficient for the function a(#) (if it exists) to be unique 
are obtained by studying the function f(z) = f, tda(t) in the half-planeR(z) >0. When 
applied to the special exponents A, =”, the present methods give only limn..,27}_/@™ 
=0 as sufficient for the moment problem to be determined, and not the better cri- 
terion of Carleman, that is, the divergence of , ae _o#n /@”), The known methods for 
establishing Carleman’s criterion do not appear to be applicable to general sequences 
{r.}. (Received March 17, 1938.) 


180. Richard Brauer: On groups of linear transformations. 


The decomposition of the regular representation of an algebra into irreducible, 
maximal completely reducible, and indecomposable constituents is studied, and a 
number of new theorems are obtained. The method used is elementary and based on 
an extension of Schur’s lemma. It yields at the same time proofs of the well known 
theorems of Burnside, Frobenius, Schur, and Wedderburn. (Received March 18, 
1938.) 
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181. J. L. Brenner: The group of automorphisms of the abelian 
group of order p™ and type (r,7,---,7). 

In a paper to appear in the Annals of Mathematics all the normal subgroups are 
found in the multiplicative group of n? matrices (a;;), as; a residue class (mod p*), 
| a;;| #0 (p). This group G,,n,. is isomorphic with the group mentioned in the title 
of this abstract. The article of which this is an abstract describes the normal sub- 
groups Jt of G from a group-theoretic standpoint. Let 9, be the smallest group in G 
which fixes every element of order <p* and no others in the fundamental abelian 
group %; let 2t.* be the largest group in @ which fixes all cyclic groups of order <p* 
in Y. Then if p>2, we have for suitable s =s(MN): N* > ND N, where NF/N, is the di- 
rect product of cyclic groups of orders a, b, where bla, b=(u, v), a=(p"—p")/b, 
u=(n, p*—p*), If p=2, n>2, then NF/N, ts the direct product of 
cyclic groups of orders a, b, 2, where a=2*-?/b, b=(n, 27-*, c), c=max (2*-?, 1). There 
is a corresponding theorem for n= p=2 involving at times the direct product of five 
cyclic groups and at other times a non-abelian group. (Received March 17, 1938.) 


182. E. T. Browne: On the classification of correlations in space. 


This paper is concerned with a projective classification of non-singular correla- 
tions in space. By choosing the matrix in a special canonical form, similar to that em- 
ployed in a recent paper (American Mathematical Monthly, vol. 44 (1937), pp. 566— 
573) by the author and C. A. Denson in classifying correlations in the plane, it is 
shown that a classification of space correlations can be made quite simply without 
invoking the theory of elementary divisors. (Received March 15, 1938.) 


183. H. H. Campaigne: The properties of finite hypergroups. 


The notion of hypergroup is a generalization of that of group. If there is an equiva- 
lence relation among the elements of a hypergroup, the resulting classes are proved to 
constitute a hypergroup. Evidently there is at least one hypergroup H for which there 
exists a group G such that H is simply isomorphic to the hypergroup of classes of G. 
The question was raised by Marty in 1934 as to whether there exists such a group for 
every hypergroup, or even for every normal hypergroup. In this paper it is proved 
that such is not the case. However, it is shown that every hypergroup is a hypergroup 
of classes of elements of another hypergroup. Some additional results are obtained, 
among them an analog of Lagrange’s theorem. (Received March 10, 1938.) 


184. A. F. Carpenter: Involutory systems of curves on ruled surfaces. 


In a paper presented to the International Mathematical Congress in Toronto in 
1924, N. B. MacLean discussed the properties of a certain one-parameter family of 
curves lying on a ruled surface and characterized by the condition that they form a 
constant cross ratio with the complex curves of the surface. It is the purpose of the 
present paper to generalize MacLean’s system of curves and to call attention to cer- 
tain interesting special cases. (Received March 7, 1938.) 


185. J. W. Cell: Am accurate method for obtaining the derivative 
function from observational data. 


Three to five independent determinations of the value of the derivative for a par- 
ticular value of the independent variable are made by the use of a “sliding” quartic, 
a method due to Rutledge. A weighted average of these determinations is then ob- 
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tained. The weights are shown to be the coefficients in the partial derivative of order 
pt+a, (p with respect to a, g with respect to 8, 0Sp+q<5), of the function 
t-0©; 5 ‘8%. Estimates for the error are also found. The form of the weights sug- 
gests a theorem about the weighted average of +1 determinations obtained by the 
use of a “sliding” n-ic, and this theorem is established. (Received March 6, 1938.) 


186. W. S. Claytor and R. L. Wilder: Homogeneous locally con- 
nected continua. I. 


It was shown by Mazurkiewicz (Fundamenta Mathematicae, vol. 5 (1924), pp. 
137-146) that a compact, locally 0-connected, homogeneous continuum in the plane 
is a simple closed curve. The purpose of the present paper is to consider the higher 
dimensional analogs of this theorem. It is shown that if M is a two-dimensional, 
compact, locally 0- and 1-connected (in terms of Vietoris cycles) continuum in euclid- 
ean three-space, then M is a closed two-dimensional manifold. The second paper will 
treat the general n-dimensional case. (Received March 11, 1938.) 


187. P. H. Daus: Correlations in terms of central collineations and 
central correlations. 


In a previous communication, the author considered the geometric constructions 
and the classification of collineations as determined by a chain of central collineations. 
In this paper a central correlation, taken as the simplest correlation, is defined as one 
determined by a center S, axis s, such that if A and a are correlated elements, then 
a, s, SA are concurrent. It is shown how the correlation determined by four sets of 
correlated elements may be constructed linearly by a chain of three simple transfor- 
mations, which are central correlations or central collineations in different orders. 
The lemmas used in the constructions also furnish a geometric basis for the classifica- 
tion of correlations. (Received March 11, 1938.) 


188. R. P. Dilworth: Non-commutative residuation. Preliminary 
report. 


In a lattice =, completely closed with respect to union, over which a non-commu- 
tative multiplication is defined, there exists a right (left) residual a- b-! (b-!- a) having 
the properties: a> (a-b-!)b, ad xb implies a-b-'3x (aD b(b™-a), aD bx implies 
b-!- a> x). The commutative law for residuation does not hold in general. The study 
of such domains has been begun by Krull, and the structure in the commutative 
case has been treated in detail by Morgan Ward and the author. In the present 
paper the relationship between the multiplication and residuation is considered in 
detail. Structure theorems are proved analogous to those in the commutative case, 
and a start is made in extending Krull’s investigations on the arithmetic properties 
of these domains. (Received March 11, 1938.) 


189. C. H. Dix: Matrix expressions of Hooke’s law. 


The generalization of Hooke’s law, namely, a set of six linear equations with thirty- 
six coefficients connecting the six stress components with the six strain components, 
given in works on elasticity, is unsymmetrical and, at least in the case of the isotropic 
medium, unnecessarily complicated. Instead of the six vectors, consider the corre- 
sponding nine term square matrices. These matrices are defined so that a rotation R 
carries a stress matrix into the new stress matrix referred to the rotated coordinates 
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and has a similar effect on the strain matrix. On principal axes the law is S;=2ys;+)0, 
(t=1, 2, 3), so that on principal axes Sp =2yus,+0/, where Sp, sp, I are stress, strain, 
and unit matrices, respectively, and 0 is the spur of sp. Evidently, then, to obtain the 
general relation (isotropic case) one merely performs the rotation R, obtaining 
RSpR=S +dORIR™ =2ys (Received March 11, 1938.) 


190. C. H. Dix: Symmetrical form for the general strain matrix. 


The general strain matrix including second order terms can be put in the symmet- 
ric form s=(V+V*+VV*)/2, where the terms of V are xi! (x1, x2, 
and V* is the transpose of V. This form is especially convenient for use in writing the 
dynamical equations in matrix form. (Received March 11, 1938.) 


191. D. M. Dribin (National Research Fellow): Priifer ideals in 
commutative rings. 


Let 8 be a commutative ring with a unit and having no divisors of zero; let g 
(a set of integral elements) be a subring of Rt and 0 a subring of g. To every finite set 
of elements of g, a1, - - - , dn, will correspond an ideal (a:, - - - , dn) in ®t, defined as 
any set of elements of g that satisfies certain postulates. Different ideal systems define 
ideals by different correspondences, but in any ideal system 9? the (principal) ideal (a) 
consists of all multiples of a by elements of 0. In 2? there may be defined a series of 
five properties A, - - - , E, that an ideal may possess; for example, It has property A 
if every ideal defined by M is principal. In the present paper three ideal systems 
2, A, B, previously studied by Priifer for the case of fields (Journal fiir die reine und 
angewandte Mathematik, vol. 168 (1932), pp. 1-36) but with a less general definition 
of ideal, are considered, and the properties A, .. . , E for each are studied, as well as 
the equivalences of properties in different ideal systems. (Received March 14, 1938.) 


192. R. J. Duffin: Structure elements of quasi-groups. 


A quasi-group may be defined as a set of symbols having a multiplication table in 
which each symbol occurs once and only once in every row and in every column. Ina 
recent paper Hausmann and Ore (American Journal of Mathematics, vol. 59 (1937), 
p. 983) have studied quasi-groups with various associative laws. In this paper no as- 
sociative law whatever is assumed. The theorems demonstrated are mainly concerned 
with those subsets which are associative as a unit with every pair of elements of the 
quasi-group. This is analogous to the introduction of commutative sets in the study of 
non-commutative groups. The order of a subquasi-group which is right-associative 
in the above sense divides the order of the group. Those subquasi-groups which are 
both commutative and associative as a unit are shown to form a Dedekind structure. 
The theorem of Jordan-Hélder may be stated in exactly the same way as for groups 
and includes the theorem for groups. (Received March 10, 1938.) 


193. Ben Dushnik: Concerning continuous linear orders. 


Let M be a continuous linearly ordered set. (1) Let D be a nowhere dense subset 
of M which is the complement of a set of non-abutting intervals in M. Then a neces- 
sary and sufficient condition for D to be similar (as a type of order) to the Cantor dis- 
continuum is that every set of non-overlapping intervals in M is at most denumerable. 
(2) Let f be a function defined on all of M with “values” in M. An element cC M such 
that f(c) =c is called a fixed point of M (with respect to f). Necessary and sufficient 
conditions are given for the existence of fixed points in case (a) f is continuous, or 
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(b) f is an almost-similarity function, that is, in case x <x; implies f(x) Sf(x:). (Re- 
ceived March 11, 1938.) 


194. J. M. Earl: The convergence of polynomials on an infinite in- 
terval. 


Let f(x) be a given function of x defined on an infinite interval. Let polynomials 
P,(x), (n=0, 1, 2, - - - ), be determined so that the integral of the product of a given 
non-negative weight function r(x) and the mth power of the error is a minimum. 
When f(x) and r(x) are restricted suitably, an upper bound for the product 
r(x)¥m| f(x) —P,(x)| may be obtained in terms of m and the minimized integral. The 
proof is an adaptation of a method of Jackson (Transactions of this Society, vol. 22 
(1921), pp. 158-166). The upper bound obtained applies uniformly to the whole infinite 
range of values of x. (Received March 3, 1938.) 


195. J. M. Feld: A continuous group of contact transformations con- 
taining the generalized pedal transformation. 


Lie constructed for the plane a one-parameter continuous group of contact trans- 
formations among which were included the pedal transformation and its iterates. The 
analytic form in which the group was expressed does not lend itself to generalization. 
In this paper, generalization in two directions is achieved by the use of contravariant 
coordinates to represent line elements. By these means, a three-parameter continuous 
group is constructed containing generalized skew pedal transformations and their 
iterates. Also a four-parameter mixed group that contains the former group as a sub- 
group is constructed. From the form taken by the equations defining the transforma- 
tions, generalization to n-space becomes self-evident. (Received March 11, 1938.) 


196. A. L. Foster: A new representation of real numbers. 


In this paper is given a representation of real numbers in terms of a certain char- 
acteristic operation (see below) previously used by the author in other connections. 
Each finite application of the characteristic operation leads (uniquely) to a rational 
number, and, conversely, each rational number is so obtainable; while each infinite 
application leads (uniquely) to an irrational number, and, conversely. The formal 
properties of this characteristic decomposition of reals are in part analogous to those 
involved in Boolean ideal theory. Certain basic theorems of analysis, for example, 
the Heine-Borel theorem, are profitably reconsidered. The characteristic operation is 
based on the characteristic function ¥(w, w’) defined for all rational w, w’, (w’¥w), 
to be the rational number a=a;/az interior to [w, w’] for which |a;| +|ae| is mini- 
mum. (Received March 10, 1938.) 


197. Philip Franklin: Maximal real determinants. 


The maximum value of a determinant whose elements are numerically at most 
unity is given by Hadamard’s theorem. This value is attained if the elements are 
complex, and also, in general, when the determinant is of order 4k, even if the ele- 
ments are restricted to be real. For values of not divisible by four, and real elements, 
little about the maximum value is known beyond a guess made by Sharpe. The author 
here finds the maximum for the first eight orders by systematically constructing all 
the maximal determinants for these cases. Incidentally, the results show that the 
value conjectured by Sharpe is too small for n =6 and n =7. (Received March 7, 1938.) 
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198. Bernard Friedman: A note on convex functions. 


It is well known that a convex function of one variable is necessarily absolutely 
continuous, and therefore it is immediately obvious that a convex function of many 
variables is absolutely continuous in the sense of Tonelli, that is, absolutely continu- 
ous in each variable separately. Whether or not it is also absolutely continuous in the 
sense of Carathéodory (Vorlesungen uber reele Funktionen, p. 653) is a more difficult 
problem. Absolute continuity is defined by Carathéodory as follows: Let F(x, y) bea 
measurable function and 6 a square with vertices (x1, y:), (x1, v2), (x2, 91), (x2, ¥2), 
and let F(x, — F(x1, y2) — F(xe, 41) + F(x2, y2) = Then F(x, y) is absolutely 
continuous if (6) is an absolutely continuous set function, and if F(x, 0) and F(0, ) 
are absolutely continuous. In this note a Gegenbeispiel is constructed using the in- 
tegral of a continuous monotonic function defined on Cantor’s middle-third set. 
Therefore a convex function of many variables is not necessarily absolutely con- 
tinuous in the sense of Carathéodory. (Received March 17, 1938.) 


199. H. L. Garabedian and W. C. Randels: On summability by 
Riesz means. 


Transformations of the type om=(Pm)~! PnSn, where Pn, are 
considered. The problem of inclusion of such methods of summability is treated, and 
necessary and sufficient conditions are developed. It is shown, for instance, that if 
pn =n%, the method is equivalent to (C, 1), and if ,=e*, the method is equivalent to 
convergence. Necessary and sufficient conditions that summability imply convergence, 
and other results of a similar nature, are given. (Received March 7, 1938.) 


200. H. H. Goldstine: A generalization of the problem of Bolza in 
the calculus of variations. 


The problem discussed in this paper is a generalization of the familiar problem of 
Bolza in that the usual differential side conditions are replaced by integro-differential 
conditions. Analogs of the multiplier rule and its corollaries, the Euler-Lagrange equa- 
tions, the Weierstrass-Erdmann corner condition, and Hilbert’s differentiability con- 
dition, as well as of the necessary conditions of Weierstrass and Legendre, are obtained. 
The proofs are similar to the ones ordinarily given for the problem of Bolza, existence 
theorems for integro-differential systems replacing the theorems customarily used in 
the calculus of variations. (Received March 4, 1938.) 


201. Saul Gorn: Ideals in partially ordered sets, ideal extension theo- 
rems, and the projectivization of incidence geometries. Preliminary re- 
port. 

Beginning with general partially ordered sets, c-ideals and, dually, x-ideals are 
defined. Each of the two types contains a subset, the principal ideals, isomorphic 
with the original partially ordered set. Examples: 1. The upper and lower segments 
of Dedekind cuts are x-ideals and o-ideals, respectively. 2. Stone’s ideals in a dis- 
tributive lattice (Journal Tchécoslovaque de Mathématique et Physique, vol. 67, 
pp. 1-26) are o-ideals and z-ideals. 3. The ideals in algebraic rings (with suitable 
partial ordering) are w-ideals. A brief calculus of ideals is developed. The following 
concepts are defined: ideal extension method, ideal extension; o-lattice, #-quasi- 
lattice, and their duals; complete z-ideals, regular x-ideals; and incidence geometries. 
Descriptive, affine, and projective geometries are examples of the last. It is shown 
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that the “complete envelope” of MacNeille (Transactions of this Society, vol. 42 
(1937), pp. 416-460) is an ideal extension, and that “projectivization” can also be 
performed by an ideal extension method. The regular z-ideals in an incidence geome- 
try of dimension greater than or equal to 3 (Desargues’ theorem is required for 
dimension 3) form a z-quasi-lattice; the c-ideals in the result form the “projective 
envelope” of the incidence geometry. Additional similar results and certain lemmas, 
connecting modularity and dimension in lattices and Archimedean lattices and givinz 
the dimenson of an element in an extension, are obtained. (Received March 24, 1938.) 


202. J. W. Green: Harmonic functions in domains with multiple 
boundary points. 

This paper is a continuation of that described in abstract 44-1-83. The method of 
representation of harmonic functions described therein is extended to all positive 
harmonic functions in a wide class of domains by using methods analogous to those 
of Maria and Martin (see Duke Mathematical Journal, vol. 2 (1936)). A chief result 
is that the representation is extended to domains whose boundary points may admit 
different methods of approach. (Received March 14, 1938.) 


203. Mary B. Haberzetle: Two new universal Waring theorems. 


In this paper two problems, modifications of Waring’s, are considered. For the 
first, the summands are permitted to be not only integral mth powers, positive or 
zero, but also any integral powers, positive or zero, higher than the mth. For n29 the 
number of such summands sufficient to represent every positive integer is evaluated 
and found to be considerably less than that required in the original Waring prob- 
lem. In the second problem considered here, the summands are 0, 1+-5x”*, or their 
products by a, where a and bare fixed positive integers. For 19 <n $400, 1<a<4n, 
1 <b<2n+1, the number of summands sufficient to represent every positive integer 
is obtained. (Received March 8, 1938.) 


204. J. W. Hahn and L. R. Ford: The isotenic circle. 


Consider the way in which lengths in the four-dimensional real space of two 
complex variables, z:, 22, are altered by a non-affine projective transformation 
Wy = (C121 We = It is proved 
by the authors that each such transformation possesses a unique circle with the fol- 
lowing property: All infinitesimal lengths at points of the circle are multiplied by a 
constant stretching factor i. It follows that all angles with vertices on the circle are 
preserved in magnitude. There is no other point at which lengths in all directions are 
equally stretched. (Received March 2, 1938.) 


205. D. W. Hall: On a decomposition of true cyclic elements. 


This paper studies the decomposition of a cyclicly connected continuous curve C 
into the sum of certain of its closed subsets, which have been defined by G. E. 
Schweigert and the author and named secondary elements. Analogies and differences 
between the properties of these elements and the cyclic elements of G. T. Whyburn 
are pointed out. Among the several types of secondary elements considered the most 
important are the following: (a) non-degenerate true secondary elements which con- 
tain at least one non-degenerate component, and (b) degenerate true secondary ele- 
ments which are infinite and totally disconnected. The following are typical theorems 
taken from the paper. I. C contains at most a countable number of true secondary 
elements. II. If E isa true secondary element of C, and K is any component of C—E, 
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then K has exactly two limit points in Z. III. For every preassigned positive number d 
and any true secondary element E, there exist in E at most a finite number of com- 
ponents of diameter greater than d. IV. If E be a degenerate true secondary element, 
then every two points of E are vertices of a theta curve in C. V. If E be a degenerate 
true secondary element, then C—E contains an infinite sequence of components 
whose closures are disjoint by pairs. (Received March 9, 1938.) 


206. Marshall Hall: Equidistribution of residues in sequences. 


Assume that (u,) is a linear, recurring sequence of order & and that the charac- 
teristic is irreducible modulo p. If - - , Unsr is a cycle of (u,) modulo p, the 
residue i (mod ) occurs in this cycle r/p+c; times, where ¢; is less than p*/2—!, The 
result is a consequence of certain diophantine equations herein established which are 
comparable to those in the paper, An isomorphism between linear recurring sequences 
and algebraic rings, by the author. (Received March 3, 1938.) 


207. N. A. Hall: The solution of the trinomial equation in infinite 
series by the method of iteration. 


The solution of the trinomial equation as an infinite series in the coefficient has 
long been known as obtained by differential resolvents or by the Lagrange expansion 
theorem. In this paper these results are verified by a direct application of the familiar 
method of iteration used in numerical approximation. The &th iteration is expressed 
as a k-fold infinite summation by application of the binomial theorem. By rearranging 
this multiple sum to expand in powers of the coefficient, the coefficients of the first 
k powers can be expressed in a closed form by solving a relatively simple difference 
equation. The limit of the sum of these first & terms is shown to satisfy the original 
equation identically and to be of the form previously known. (Received February 24, 
1938.) 


208. P. R. Halmos: Inveriants of certain stochastic transformations: 
the mathematical theory of gambling systems. 

The “Regellosigkeit” principle of von Mises has been shown to correspond in the 
mathematical theory of probability to the fact that certain transformations of infinite 
dimensional Cartesian space into itself are measure preserving. The present paper ex- 
amines properties of such transformations on more general spaces and obtains results 
such as the following: If a sequence of chance variables, x;, x2, - - - , is such that the 
conditional expectation of x, with respect to x1, ---, Xn-1 is identically zero, then 
this property remains invariant under any gambling system. Applications are made 
to the existence and independence of “Kollektivs.” A sequence of chance variables is 
called “asymptotically independent” if the conditional probability distributions con- 
verge to a fixed distribution. Asymptotic independence is discussed and is shown to 
be invariant under all transformations considered. (Received March 15, 1938.) 


209. H. J. Hamilton: Change of dimension in sequence transforma- 
tions. 


The paper by the author, Transformations of multiple sequences (Duke Mathe- 
matical Journal, vol. 2 (1936), pp. 29-60), is referred to as Hy. It is remarked that the 
validity of the proofs therein developed is not affected by removal of the assumption, 
tacit in Hi, that the dimension of the transformed sequence is the same as that of 
the original sequence. There are listed: (1) certain alterations in the formal body of Mi 
necessary for the wider interpretation, and (2), as an application, conditions necessary 
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and sufficient for the transformation from (A) boundedly convergent double se- 
quences, and (B) convergent double sequences to convergent simple sequences. (Re- 
ceived March 4, 1938.) 


210. H. J. Hamilton: A generalization of multiple sequence trans- 
formations. 


The results of preceding work by the author on linear transformations of n-tuple 
sequences of various classes into /-tuple sequences of various classes, n, / arbitrary 
positive integers (see abstract 44-5-209), are generalized to transformations of n-tuple 
sequences of the various classes into functions of J variables x™, (v=1, 2,---, 1), 
of analogous classes, where the range of x is an infinite aggregate E® of any sort. 
Necessary and sufficient conditions for the several transformations are tabulated, and 
a few specializations are given. Of particular interest are the cases in which, for each », 
E is the aggregate of non-negative real numbers; and in which, for each », E™ is 
the aggregate of positive integers. In the latter case, the results reduce to those pre- 
viously established. (Received March 4, 1938.) 


211. O. H. Hamilton: Concerning collections of continua in a sepa- 
rable space which do not cross. 


It is shown that if G is a collection of continua, all of a certain type, in a separable 
space, and if no two of the continua of G cross, then there is a countable subcollec- 
tion H of G such that every point of S common to two continua of G is in some con- 
tinuum of H. In particular the theorem holds for a collection of open curves in the 
plane. (Received March 15, 1938.) 


212. Olaf Helmer: Integral functions with coefficients in a given field. 
Preliminary report. 


There are no general algebraic relations between the zeros of an integral function 
f(z) =>-a,2" and its coefficients an. For, if K is any imaginary number field, and K(z) 
the set of all integral functions with coefficients in K, then K(z) contains a function 
g(z) having the same zeros as f(z). (If f(z) has real coefficients, K may be chosen real.) 
K(z) is an integral domain in which some elements have infinitely many divisors. 
Nevertheless, the unique-factorization theorem holds: Every function is representable 
as a product of irreducible functions, the representation being unique apart from unit 
factors e*) of K(z). However, the irreducible functions of K(z) have at most two 
zeros (in fact, exactly one, if K is imaginary). Hence we have the unsatisfactory situa- 
tion that a polynomial which is irreducible in K[z] will in general be reducible in 
K(z). This no longer happens if we restrict ourselves to the integral subdomain 
K*({z) of those functions of K(z) which are of finite order. Here, every irreducible 
polynomial of K [z] remains irreducible in K*(z), a fact which suggests the existence 
of algebraic relations between the zeros and the coefficients of integral functions of 
finite order; they will reveal themselves on studying the divisibility structure of the 
domains K*(z). (Received March 11, 1938.) 


213. M. R. Hestenes: A theory of critical points of functions in the 
calculus of variations. 


The present paper is concerned with a theory of critical and minimax points of 
functions on a metric space and applications of this theory to the calculus of variations. 
A preliminary report of a part of this paper has been given (see abstract 42-5-186). 
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Since then numerous modifications and extensions have been made. Among other 
things, a homotopic definition of critical points is given that is analogous, but not 
equivalent, to that given by Morse. It is shown that every minimax point is a homo- 
topic critical point. For functions defined on a region in a euclidean n-space these 
critical points are ordinary critical points. An analog of a non-degenerate critical 
point of index & is given for functions that are continuous but do not necessarily 
have derivatives. (Received March 11, 1938.) 


214. Einar Hille: Notes on linear transformations. 11. Analyticity 
of semi-groups. 

Let E bea Banach space and { Tz} a family of bounded linear transformations on 
E to E forming a one-parameter semi-group, Ta7g=Ta+g for a and B>0. Neces- 
sary and sufficient conditions that {Ta} shall be a subset of {Wa}, where W, is 
analytic for R(a)>0 and ||Wal| <A exp [Cla| ], are: Ta is strongly continuous on 
the right for all a, and for 0<A<w the resolvent of 7; exists outside of a circle 
|A—1,| =rs and is of finite order on this circle. Any transformation T whose resolvent 
exists outside of a circle |\—a| =|a| and is of finite order on the circle can be em- 
bedded in a semi-group, analytic and bounded in some right half-plane. (Received 
April 14, 1938.) 


215. P. G. Hoel: The x? distribution for small samples. 


An expanded form of the multinomial distribution in powers of 1/ N/? is expressed 
by means of its expanded generating function. From this result an expanded form of 
the generating function, and hence of the distribution function, of x? is obtained. The 
terms up to, but not including, 1/N? are found explicitly. The correction term thus 
obtained is expressed very simply by means of the usual x? distribution. (Received 
March 11, 1938.) 


216. T. R. Hollcroft: Plane curve systems associated with singular 
surfaces. 


The irregularity of a system of plane curves is J =d—do, where d is the effective, 
and d, the virtual dimension of the system. The system of curves C cut from the tan- 
gent cones of a non-singular algebraic surface by a plane x has been proved irregular 
and the value of J found by B. Segre. In the present paper, the system C is investi- 
gated when the surface is singular. A definite value of J is obtained when the surface 
has distinct multiple points. Usually, only limiting values of J can be found when the 
surface has multiple curves. The dimensions of plane sections of a singular surface 
are also studied. (Received March 15, 1938.) 


217. Ralph Hull: On the units of indefinite quaternion algebras. 


The unit group G of a maximal order of an indefinite rational quaternion algebra 
is studied by means of an hermitian form which is the norm of the general element of 
the algebra. Eichler (Mathematische Annalen, vol. 114 (1936), pp. 635-654) has 
proved the existence for G of generators satisfying certain relations, but his methods 
do not yield the generators explicitly. In the present method, as in Eichler’s, the group 
is represented as a Fuchsian group, but now the associated form makes possible the 
explicit determination, in any given case, of a fundamental domain for G and the 
corresponding generators. In particular, when G contains elements not equal to one 
of finite order, more complete information is obtained since the application of the 
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method does not require the consideration of a subgroup of G free of such elements. 
(Received March 9, 1938.) 


218. M. H. Ingraham: On the matrix equation TA = BT. 


Let A and B be square matrices over a field. A treatment, believed to be new, is 
given for the matrix equation TA = BT. In particular, it is shown that the maximum 
rank of T is the sum of the degrees of the greatest common divisors of corresponding 
invariant factors of A —AJ and B—XI. The treatment is rational and yields as an 
immediate consequence the theory of similarity of matrices. The case where the ele- 
ments of A and B belong to a division algebra is being studied. (Received March 10, 
1938.) 


219. S. B. Jackson: The four-vertex theorem on the sphere. 


This paper extends the four-vertex theorem to spherical curves. A point on a spher- 
ical curve of class C”’ is called a geodesic vertex if the geodesic curvature at the point 
is a relative extremum. By stereographic projection on the plane, it is shown that 
every simple, closed, spherical curve of class C’” contains at least four geodesic 
vertices. Certain spherical arcs, analogous to the plane arcs of type 2 introduced 
by Graustein, are given special consideration. The fundamental property established 
concerning them is that interior to such an arc lies at least one non-negative minimum 
of geodesic curvature. For spherical curves which are tangent indicatrices of simple 
spherical curves, the four-vertex theorem is strengthened by showing that on such 
a curve lie at least four geodesic transitions; that is, points or arcs for which the geo- 
desic curvature passes through its average value. Finally, the four-vertex theorem is 
shown to be false for surfaces of variable Gaussian curvature by proving that on 
such surfaces the geodesic circles have only two geodesic vertices. (Received March 
11, 1938.) 


220. Nathan Jacobson: Normal semi-linear transformations. 


Let ® be a vector space over a quasi-field §, where § has an involutorial anti- 
automorphism a—a, and suppose f = (x, y) isan hermitian or skew-hermitian bilinear 
form which is totally regular in the sense that (u, «)=0 only if the vector u=0. 
The usual theory of orthogonality holds. If T is a semi-linear transformation (s. 1. t.) 
with automorphism S-!, the adjoint of T is defined as the transformation 7T* such 
that (x, yT)* =(xT*, y) for all x and y. T* is ans. |. t. with automorphism S where 
a®=a5. T is called normal when TT7* is linear and equals T*T. It is shown that such 
transformations are always completely reducible and in special cases are orthogonally 
completely reducible in the sense that the orthogonal complement of any invariant 
subspace is also invariant. These results have interpretations in projective geometry 
and in the theory of matrices. (Received March 18, 1938.) 


221. Nathan Jacobson: Simple Lie algebras over a field of character- 
istic zero. 

The present paper gives an extension of the theory of simple Lie algebras, over 
a field @ of characteristic zero, to non-normal algebras. The problem of enumerating 
these algebras and determining their automorphism is discussed. Reduction is made 
to questions in associative algebras and these are completely solved for real closed 
fields and partially solved for p-adic fields &. This involves a derivation of necessary 
and sufficient conditions for cogredience of hermitian and skew-hermitian matrices 
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with elements in a quaternion algebra over a real closed or a p-adic field. (Received 
March 18, 1938.) 


222. Glenn James: An increase in the lower bound of possible solu- 
tions of the Fermat equation. 


In a paper which was presented to this Society last autumn, it was proved that 
the first case of Fermat’s last theorem is true for values of the variables less than 
n(111/77)(2cn?+1)". The present paper more than doubles that limit by extending 
it to m2%c"(111/77) (Received March 11, 1938.) 


223. R. D. James: The distribution of integers represented by quad- 
ratic forms. 


In this paper the following result is proved: Let d be any integer less than or equal 
to —3. Let B(é) denote the number of integers m < ¢ which are prime to d and which 
are represented by some binary quadratic form of discriminant d. Then there exists 
a positive constant b such that B(£) =bé/(log £)'/?+-O(£/log £). The method of proof 
is similar to that given by Landau (Archiv der Mathematik und Physik, vol. 13 (1908), 
pp. 305-312) for the particular form x*+-y*. (Received March 9, 1938.) 


224. Fritz John: A mean value theorem for second order linear differ- 
ential equations with constant coefficients. 


The following theorem was proved recently by L. Asgeirsson (Mathematische 
Annalen, vol. 113 (1935)): For every differential equation (1, +++, Xn) =0, 
with constant a, there are pairs of quadratic surfaces of dimension » and n—p 
respectively (where p is the index of the quadratic form Q=)_a;xixx), such that the 
mean values of any solution u, over the ellipsoids of a pair, are equal (if the variables 
of integration are chosen suitably). In the present paper a more general theorem is 
proved, which is valid irrespective of the index p of Q: The mean value of any solution 
u is the same for all n-dimensional ellipsoids which are confocal with respect to the 
“absolute” in the plane at infinity given by Q=0. (Received March 8, 1938.) 


225. B. W. Jones: Related genera of positive ternary quadratic forms. 


If g=ax*+by*+cz?, where a, b, are positive integers; if b= Kb’, c=Kc’, and 
K=r’s, where s is without a square factor; and if f=sax*+b’y*+c’z?; this paper 
shows that, if one of w simple conditions on f is satisfied, the number of classes in 
the genus of g is not more than w times the number of classes in the genus of /. Ina 
large number of cases w=1. This can be modified to apply to forms with cross prod- 
ucts. This result is of considerable assistance in proving the regularity of many 
forms g. (Received March 15, 1938.) 


226. I. N. Kagno: Perfect subdivision of surfaces. 


A graph is said to subdivide a surface perfectly if it separates the surface into 2- 
cells whose boundaries are circuits of the graph having m sides each, and having the 
property that the boundaries of any two 2-cells meet in at most a connected set. In 
the special case n=3, this subdivision is a triangulation. Necessary conditions for 
perfect subdivision are derived. A perfect polyhedron is defined as the 2-complex 
resulting from the perfect subdivision of a surface. Necessary conditions for the exist- 
ence of such polyhedra are derived. In particular, the surfaces of the five Platonic 
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solias are shown to be the only perfect polyhedra arising from the perfect subdivision 
of a sphere, and a non-metrical proof is given of the theorem of euclidean geometry 
which states that there are only five regular solids. The fundamental domain of the 
universal covering surface of an orientable surface is defined, and a perfect subdivision 
of these covering surfaces is derived. The results are applied to show that the fun- 
damental domain of a doubly periodic function of a complex variable is either a hexa- 
gon or a quadrilateral. The concept of the 1-star of a graph is introduced, and the 
1-stars of graphs which triangulate surfaces are studied. (Received March 12, 1938.) 


227. M. L. Kales: A Tauberian theorem related to Leroy summabil- 
tty. 

The following theorem is proved: Let the function L(x) possess first and second 
derivatives satisfying the relations: (i) L’(x) =0{xL(x) (x0); (ii) L’’(x) 
=o{ min (x), x*-* L*(x))}, ; a>0). Let the sequence =exp [(nt)*L (nt) 
—n*L(n)] be non-increasing for ¢ in the interval 0<¢<1. If limrn antin(t) =A 
and lim (An—An)20 whenever m/n—1, then lim... An=A. In 
particular the conditions of this theorem are satisfied if u,(#)=I'(mt+1)/T(n+1). 
This is the case of Leroy summability. (Received March 8, 1938.) 


228. E. R. van Kampen and Aurel Wintner: The canonical reduc- 
tion of Hamiltonian systems. 


The paper is concerned with the canonical reduction of Hamiltonian systems by 
means of invariant relations. (Received March 17, 1938.) 


229. R. B. Kershner: Note on ergodic curves. 


If an e-ergodic curve is defined, after M. Martin, as the shortest curve passing 
within a distance ¢ of every point of a given plane point set M, let L(e) denote its 
length. Then it is shown that 2eL(e) approaches the measure of the closure of the 
given point set as « tends to zero. (Received March 11, 1938.) 


230. M. S. Knebelman: Contact transformations. 


A contact transformation as defined by Lie is one perserving contact of the first 
order, but not necessarily of zero order, between any two hypersurfaces. It is shown 
in this paper that generalizations of this idea as to order of contact or dimension of 
subvarieties do not yield anything new. Atransformation preserving contact of order 
n between any two subvarieties is essentially the (m—1)th extension of Lie’s trans- 
formation if the subvarieties are hypersurfaces, and it is essentially the mth extension 
of a point transformation if the subvarieties are of a lower dimension. (Received 
March 11, 1938.) 


231. Hans Lewy: On ternary forms with non-vanishing Hessian and 
on spherical harmonics. 

Let f(x, y, z) bea real form of degree n >2. Assume that there exists a point (x, y, z) 
~(0, 0 ,0) for which f =0 and that the Hessian of f does not vanish anywhere except 
at (0, 0, 0). Then there is a line / of the projective xyz-plane which does not intersect 
with f =0; and, with / as line at infinity, f =0 consists precisely of one oval. This geo- 
metrical theorem implies that the Hessian of a spherical harmonic of degree n>2 
must vanish at some point (x, y, z)#(0, 0, 0). (Received March 14, 1938.) 


1938] ABSTRACTS OF PAPERS 343 


232. R. R. McDaniel: Approximation to algebraic numbers by means 
of periodic sequences of transformations on quadratic forms. 


A quadratic form g of the m ordered variables x;, x2, - - - , Xn is defined as a normal 
form of the quadratic form G of n variables if the following conditions on g are satis- 
fied: (1) the transformation that takes G into g shall be linear and of determinant 
+1; (2) a: --+ San, (01, a2, - , dn being the coefficients of x;?, x", --- , xn’, 
respectively); and (3) a;a2--- an < (4/3)*| DI, where D is the determinant of G and 
e=n(n—1)/2. By means of a quadratic form f, whose coefficients are certain functions 
of an algebraic integer a and its conjugates, sequences of normal forms are developed. 
Each sequence has the property that there are only a finite number of different trans- 
formations changing f into successive normal forms. These normalizing transforma- 
tions are closely connected with the units of the field R(a). The results of Minkowski’s 
work, On approximation to algebraic numbers by periodic transformations, are general- 
ized to include algebraic fields of any degree. A new proof of a form of Dirichlet’s 
theorem on units is also given by means of the units found to be associated with 
certain of the transformations. (Received March 11, 1938.) 


233. E. J. McShane: Some existence theorems in the calculus of 
variations. I1. Isoperimetric problems. 


In a previous communication (abstract 44-1-86), a method was mentioned which 
led to existence theorems for variation problems which did not involve the assump- 
tion of quasi-regularity. Here the same method is extended to isoperimetric problems. 
The problem of minimizing /f(x, y, subject to conditions [g*(x, y, 7) dx=v‘, 
(¢=1,---, m), is discussed. Subject to conditions on the order of growth of f with 
| y|, a theorem is obtained in which m is arbitrary, but all the g‘ are functions of y 
alone. If f is regular and m=1, a theorem can be established which does not involve 
this restriction on g(x, y, 7). This theorem has an analog for parametric problems 
which can be so generalized as to come close to covering all previously published 
existence theorems for isoperimetric problems in parametric form. (Received March 
21, 1938.) 


234. Saunders MacLane: Axioms for lattices connected with depend- 
ence relations. 


The “exchange” lattices which arise in the abstract treatment of algebraic depend- 
ence are here further analyzed. The exchange axiom can be replaced by the require- 
ment that be<a<c<b-+<c implies the existence of a quantity 5, in the lattice such 
that b¢ <b; <b and (a+5,)c=a. This form of the axiom involves no reference to the 
“points” of the lattice. It states in effect that the given chain of length through joining 
bc to b+c can be subjected to two transpositions c>a+5; and a—b, such that the 
resulting chain has a second member 5, $b. This “transposition” form of the axiom 
can be extended to chains of any length and to transpositions (a <b<c)—(a<b’ <c) 
for which bb’ =a. A typical example of an exchange lattice is the lattice of all fields 
M containing a given field K and relatively algebraically closed in a fixed superfield 
L. If the transcendence degree of L over K is three or more, this lattice is not modular. 
This is true because K(x, y) and K(z, x+yz) intersect in K. (Received March 4, 
1938.) 


235. A. D. Michal: Differentials in linear topological spaces. 


The definition of Fréchet differentials for normed linear metric spaces has been ex- 


344 ABSTRACTS OF PAPERS [May 


tended to a special linear topological space L only for functions with arguments and 
values in the same space L (cf. A. D. Michal and E. W. Paxson, Comptes Rendus 
(Paris), 1936; Comptes Rendus (Warsaw), 1936). The question of the differentia- 
bility of iterations of differentiable functions was not answered with complete gen- 
erality. In the present paper the author gives several definitions of differentials for 
functions f(x) on SC T; to T2, where 7; and 7; are any two abstract linear spaces 
with a Hausdorff topology and with continuous operations of addition of ele- 
ments and of multiplication by numbers. Many properties (including the differentia- 
bility of iterations of differentiable functions) of Fréchet differentials in Banach 
spaces are then shown to hold in such topological spaces. (Received March 12, 1938.) 


236. A. D. Michal: Differential geometries with linear topological 
coordinates. 


With the aid of the results of a former paper (cf. abstract 44-5-235) the author 
extends many of his theorems in general differential geometries (“Riemannian” and 
“non-Riemannian”) with Banach coordinates to the more general corresponding 
cases in which the coordinate space is a linear topological space with a Hausdorff 
topology and with continuous operations. (Received March 12, 1938.) 


237. A. D. Michal: The differential in abstract algebra. 


Several definitions are given for the differential of functions with arguments and 
values ranging over abstract abelian groups (written additively) by making precise 
the phrase, first order approximation, in the statement, a differential is a first order 
approximation to the difference. The usual differentiability theorems for the sum of two 
functions and for a function of a function are shown to hold in these purely algebraic 
situations. (Received March 12, 1938.) 


238. E. W. Miller: A note on cubic graphs. 


Although examples have been given of a graph which contains no simple closed 
curve passing through all its vertices, the question of the existence of cubic graphs 
of this kind (which is of interest in connection with the four-color problem) seems 
not to have been settled. (See C. N. Reynolds, Circuits upon polyhedra, Annals of 
Mathematics, vol. 33 (1932), pp. 367-372.) In this note it is shown that such cubic 
graphs do exist. A procedure for finding such examples is developed, and a number 
of different sorts of examples of this general kind are obtained. (Received March 11, 
1938.) 


239. C. N. Moore: An application of Hurwitz’s convergence factor 
theorem to the generalization of Poisson’s summation of Fourier series. 


In a recent note in the Comptes Rendus (vol. 205, pp. 311-313), Raphael Salem 
has derived a generalization of Poisson’s procedure for summing Fourier series. A com- 
bination of Fejér’s theorem on the summation of Fourier series and a convergence 
factor theorem due to Hurwitz (this Bulletin, abstract 28-4-10; cf. D. S. Morse, 
American Journal of Mathematics, vol. 45 (1923)) yields a theorem which is the ulti- 
mate generalization in this direction and thus includes Salem’s result as a special 
case. (Received March 18, 1938.) 
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240. M.G. Moore: Summability of expansions in solutions of differ- 
ential equations. 


The study of expansions which have been called F-series in preceding papers 
(see abstracts 44-1-41 and 44-1-42) is continued, and a treatment is given of the 
Cesfro and Abel sums of the series. The results obtained include, as special cases, a 
number of known theorems concerning Fourier’s series, as, for example, Fejér’s 
theorem. (Received March 11, 1938.) 


241. C. B. Morrey: The differentiability of functions minimizing 
certain double integrals. 


In a previous paper, the author showed the existence and continuity of a vector 
function z0(x, 7) =zo!(x, y), +++, 20"(x, y) which minimizes an integral I(z, G) of a 
function f(x, y, z!,---,2", p',---, p",g', over a bounded open set G among 
all functions z “of class D2’” on G and subject to certain boundary conditions. It was 
assumed that G was bounded by a finite number of distinct Jordan curves and that 
f was continuous in its argument, convex in (p, g) for each fixed (x, y, 2), and satisfied 
m[> (p2+9:)] By adding various hypotheses concern- 
ing the differentiability of f and the magnitude of its second derivatives, it can be 
proved (1) that zo is of class C’ on G, (2) its first derivatives satisfy uniform Hélder 
conditions on compact subsets of G, and (3) its second derivatives are of class L2 on 
compact subsets of G. Let 2o=20(xo, yo), Po=po(xo, Yo), Jo=Go(xo, Yo), and (in addi- 
tion to the above) assume that the second derivatives of f satisfy Hélder conditions 
near (Xo, Yo, Z0, Po, Yo); then the second derivatives of z satisfy Hélder conditions 
near (xo, yo). If f is also analytic, zo is analytic in G. (Received March 17, 1938). 


242. Marston Morse and G. A. Hedlund: Symbolic dynamics. 


This paper is the first of a series whose aim is to extend the Poincaré-Birkhoff 
dynamical theories by a systematic separation of the symbolic and differential as- 
pects. We are concerned here with the symbolic theory. The conditions on symbolic 
admissibility adopted cover all known cases, including Nielsen’s symbolism for the 
case p>1. The space of symbolic elements is the homomorph of the Cantor perfect 
nowhere dense set. This is independent of the dimension. Following general theorems 
on stability, recurrence, and transitivity, certain special results are obtained. The 
recurrency function R(m) is explicitly determined for the Morse recurrent sequence. 
the only known determination of this type. In general R(m) >2n for the non-periodic 
case. There exist recurrent sequences for which the limit superior of R(m)/n is infinite 
and the limit inferior finite. Transitive symbolic rays exist whose ergodic function 
f(n) is asymptotically the least possible. If h(m) is the minimum length of a block 
containing all blocks of » symbols, the set of transitive rays for which the limit 
inferior of f(n)/h(n) is 1 is residual. Under the hypothesis of uniform instability, 
all theorems translate into differential dynamics. (Received April 1, 1938.) 


243. D. C. Murdoch: Quasi-groups which satisfy certain generalized 
associative laws. 

Any element A of a quasi-group G has a right unit E, and a left unit E4. Quasi- 
groups are considered which satisfy the generalized associative laws, A(BC) 
=(AB)CS4, (AB)C=AT¢(BC), where CS4=E,C and AT =AEc. Properties of unit 
subquasi-groups, coset expansions, and criteria for normal subquasi-groups, Jordan- 
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Hélder theorems, and principal chain theorems are developed. The more restrictive 
law, (AB) (CD) =(AC) (BD), where A, B, C, D are any four elements of G, gives rise 
to abelian quasi-groups, in which every subquasi-group is normal. In this case all sub- 
quasi-groups containing a given unit quasi-group form a Dedekind structure. Quasi- 
groups with unique right unit are also considered, and examples are constructed con- 
taining any given group as subquasi-group. (Received March 17, 1938.) 


244. Tadasi Nakayama and C. J. Nesbitt: Note on symmetric alge- 
bras. 


An algebra A is called symmetric if there exists a hyperplane in A which contains 
all commutator elements ab—ba, but does not contain any right ideal (except the 
null ideal). (Cf. Richard Brauer and C. J. Nesbitt, Proceedings of the National Acad- 
emy of Sciences, vol. 23 (1937).) For a symmetric algebra the indecomposable con- 
stituents of the first and second regular representations corresponding to the same 
irreducible representation are equivalent to each other. The purpose of the present 
note is to show that, in order that this be the case (for all irreducible representations), 
it is both necessary and sufficient that there exist a hyperplane in A which contains 
no right ideal, but which contains all elements of the form eae;, (¢7), where é1, é2, 
+++, erare mutually orthogonal idempotent elements in A with the sum 1 such that 
the right ideals e;A are directly indecomposable. (Observe that eae; = e;(ae;) — (ae;)ex 
is a commutator element.) (Received March 15, 1938.) 


245. D. L. Netzorg: On the number of abelian groups of a given order. 


Let A(m) denote the number of abelian groups of order m. It is here shown that 
(1/4) log 5Slimns. log A(n) (log log m/log Furthermore A(») 
= where a=29/99, while Ce=[]¢(v/k), , 
vk). The derivation of the first two terms of this development is purely elementary. 
(Received March 18, 1938.) 


246. Ivan Niven: A Waring problem. 


If g denotes the greatest integer less than or equal to (3"+1)/(2"+1), then 
(2"+1)q—1isasum of J=2*-!+q—1, but not fewer, nth powers plus unity. In general, 
let g(x"+1) denote the number of nth powers plus unity required to express every 
integer. The author evaluates g(x"+1) for n211. It is shown that g(x"+1)=J for 
the values 11 << <50. For n>50,a new approach is used to show that g(x*—1) =J, 
apart from certain exceptional cases which are elaborated. (Received March 23, 1938.) 


247. Rufus Oldenburger: Representation and equivalence of forms. 


Each form F=4jj...mXix; + - + Xm Of degree p with coefficients in a field K, where 
K has p or more elements, can be written as R= > rs(asjx;)?, where i=1,---,<a, 
a is finite, and the \’s and a’s are in K. The representation R of F is denoted by (A, A), 
where } designates the set d;, - - - , X¢, and A the matrix (a;;) with o rows. For given 
F and K, let o, be the smallest value of o for which F has a representation R. If for 
R the number o has the value om, R is termed a minimal representation of F with 
respect to K. The number a,, is termed the minimal number of F for K. Under non- 
singular linear transformations on the variables of F with coefficients in K, the num- 
ber ¢» is invariant, a minimal representation transforms into a minimal representa- 
tion, and moreover a representation (A, A) goes into a representation (A, A’) where 
A’=AX, and X is non-singular. From these properties, necessary and sufficient con- 
ditions for the equivalence of two forms may be derived. With F is associated the 
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multilinear form M=aj;...mXi¥j ++ + 2m. The form M may be written as S=)_L.Ma 

+++ Ng, where a=1,---, , and L’s, M’s,---, N’sare linear forms in the x’s, 
+++, 2's respectively. Let the smallest value of p for which M has a representation 
S with coefficients in K be called the factorization rank of F for K. Consider the 
class (F) of all forms of degree p in m essential variables. If the minimal number of F 
in (F) is a minimum for (F) and K, the factorization rank of F is a minimum for (F) 
and K, and conversely. (Received March 27, 1938.) 


248. J. C. Oxtoby and S. M. Ulam: The existence of metrically tran- 
sitive transformations. Preliminary report. 


Theauthors set upa general method for obtaining metrically transitive measure- 
preserving topological transformations (homeomorphisms) for a wide variety of 
euclidean manifolds. (A transformation is said to be metrically transitive if there do 
not exist two disjoint invariant sets both having positive measure.) In particular, 
there is such a transformation of the n-dimensional cube, (n2=2), which leaves all 
boundary points fixed. From this one can obtain transformations of any finite pseudo- 
manifold or regularly connected finite complex. (For definitions, see Alexandroff- 
Hopf, Topologie.) Among measure-preserving topological transformations of the 
n-dimensional cube, (n=2), which leave all boundary points fixed, transformations 
equivalent under homeomorphism to meirically transitive ones are everywhere dense 
in the sense of uniform approximation together with uniform approximation of the 
inverses. (Received March 18, 1938.) 


249. H. A. Rademacher and H. S. Zuckerman (National Research 
Fellow): A new proof of two of Ramanujan’s identities. 

In his first paper discussing divisibility properties of the partition function p(n), 
Ramanujan announced two identities without complete proof. Proofs were later 
given by Darling and Mordell. The authors prove these identities by comparison of 
coefficients of an expansion of each member, obtained by their variant of the Hardy- 
Ramanujan method. (Received March 7, 1938.) 


250. H. S. Zuckerman (National Research Fellow): Identities 
analogous to Ramanujan’s identities involving the partition function. 

Ramanujan’s identities mentioned in the preceding abstract pertain to the moduli 
5 and 7. The method not only is suitable for verifications, but also can be refined to 
obtain new identities. Identities for the moduli 13 and 25 are found. The latter iden- 
tity shows immediately that p(25”-+-24) is divisible by 25 and also yields the result 
that p(125+99) is divisible by 125. The identity connected with 13 makes it clear that 
similar congruence properties cannot be expected for the modulus 13. (Received 
March 7, 1938.) 


251. E. D. Rainville: Derived periodic residue systems modulo p. 


A definition of derived periodic residue systems modulo a prime is given. Such 
derived systems are discussed in relation to the residue systems of the ordinary deriv- 
atives of polynomials with integral coefficients. (Received March 10, 1938.) 


252. E. D. Rainville: On the representation of periodic residue sys- 
tems modulo m. 
Let m and w be any two positive integers greater than unity. Consider the set of 
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residue systems which are periodic modulo m with period w. A set of w-periodic pri- 
mary residue systems is constructed in terms of which each of the entire class of w- 
periodic residue systems modulo m has a unique multiplicative representation. The 
elements considered have, under multiplication modulo m, the closure property and 
are associative and commutative, but contain null-divisors. The existence and con- 
struction of the subsets which act as generators do not appear to be included in any 
more general theory. (Received March 10, 1938.) 


253. F. W. Reed: Segmental curves and faceted surfaces. 


Based upon periodic functions defined with respect to a square, a method is 
developed for writing the equation of a curve having straight segments. Extension 
is made to curved segments and to surface forms. Theorems relating to periodicity, 
operators, and so on are established. Equations of standard geometric forms (poly- 
gons, polyhedrons) are found, as well as those for the figures used in design. Fourier 
expansions are replaced by these simple functions. (Received March 21, 1938.) 


254. J. F. Ritt: Systems of differential equations. 1. Theory of ideals. 


The systems treated are systems in m unknown functions of a single independent 
variable. The equations are assumed to be analytic in the unknowns and in the vari- 
able, and algebraic in the derivatives of the unknowns. There is developed a theory . 
of ideals which is analogous to that of Raudenbush for algebraic differential systems. 
(Received March 19, 1938.) 


255. J. H. Roberts and N. E. Steenrod: Monotone transformations 
on 2-dimensional mantfolds. 


R. L. Moore has proved that if M is a 2-sphere and G is an upper semicontinuous 
collection of continua filling M, then G, topologized in the usual way, is homeomorphic 
to a cactoid, that is, to a compact continuous curve whose non-degenerate cyclic ele- 
ments are 2-spheres. The authors consider the corresponding problem where M is an 
arbitrary compact 2-manifold. By a generalized cactoid is meant a compact continuous 
curve among whose non-degenerate cyclic elements there may be a finite number of 
arbitrary compact 2-manifolds, the remaining elements being 2-spheres. By a general- 
ized cactoid with identifications is meant a space C obtained from a generalized cactoid 
C’ by identification of the points in certain subsets of C’, the total number of points 
involved being finite. The main results are as follows: In the general case, G is homeo- 
morphic to a generalized cactoid with identifications. Conversely, if C is any gen- 
eralized cactoid with identifications, then there is a 2-manifold M and an upper 
semicontinuous collection of continua G filling M such that G is homeomorphic to C. 
Special results are obtained if the elements of G are further restricted. In particular, 
if the Betti groups for each element of G vanish, then G is homeomorphic to M. 
(Received March 5, 1938.) 


256. L. B. Robinson: On the integration of Wilczynski’s equations 
by quadratures. 

Consider the four equations (1) 
— =0, (i, 7=1, 2). This system is known to be passive. Write (2) :.(f) =0, 
$ijo(f) =0, where %;;0(f) is obtained from 4;;(f) by setting y,=0. Because (1) 
is passive, the integration of (1) and of (2) are equivalent problems. The integrals of 
#;;0(f) =0 can be obtained by quadratures. Let G be one of these integrals. A solution 
of ,.(f) =0 by quadratures reduces to G as initial condition. By following the method 
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used in the above example, it is possible to integrate most of the equations studied by 
Wilczynski. (Received March 11, 1938.) 


257. E. H. Rothe: Theory of the topological order in some linear 
topological spaces. Preliminary report. 


In continuation of former papers, the present paper gives a further development 
of the theory of the order in some linear spaces for a certain class of representations. 
One of the results is that in some cases the equality of the order is not only necessary 
but also sufficient for the homotopy of two representations. (Received March 10, 
1938.) 


258. A. C. Schaeffer and R. J. Duffin: On some inequalities of S. 
Bernstein and W. Markoff on the derivatives of polynomials. 

If f.(x) is a polynomial of degree nm and is bounded by 1 in the interval (—1, 1), 
a theorem of S. Bernstein states that its first derivative is less than n/(1—x?)/? in 
the interval. To obtain an extension of S. Bernstein’s inequality for the higher deriva- 
tives of polynomials the authors consider a class of functions R which satisfy a cer- 
tain differential equation. It is shown that at each point of the interval one of the func- 
tions R has a larger pth derivative than has the polynomial f,(x). By using properties 
of the differential equation satisfied by R it is then shown that | f,»(x)|? is not greater 
than the sum of the squares of the pth derivatives of cos (m cos~!x) and sin (n cos~!x) 
in the interval (—1, 1). From these results a simple proof is found of W. Markoff’s 
inequality on the higher derivatives of polynomials, which states that in the interval 
(—1, 1), | fn?(x) | < | T,?(1)| , where T,(x)=cos (n x). (Received March 10, 
1938.) 


259. O. F. G. Schilling: A generalization of local class field theory. 


The author discusses in this paper the structure of the class group of normal alge- 
bras over relatively perfect fields k whose value groups ['(k) have finite rank over the 
group of rational numbers. He shows that the properties of those algebras whose in- 
dices are relatively prime to the characteristic of k are essentially determined by the 
nature of ['(&) and the multiplicative structure of the field of residue classes x. More- 
over, he discusses the different cases of fields k to which the classical theorems of local 
class field theory can be extended. A number of examples are given to illustrate the 
complexities of the additive structure of k. (Received March 11, 1938.) 


260. I. J. Schoenberg: Metric spaces and completely monotone func- 
tions. 


This paper continues previous work on the connections between problems of iso- 
metric imbedding of metric spaces and certain classes of functions (see abstract 44-1- 
60). The results, although intimately connected, are partly geometrical, partly purely 
analytical. The chief geometric result is Theorem 1: The most general continuous 
function F(t), F(t)20, F(0)=0, (OS<t< ~), (such that if Po, P:,---, Pm are any 
points of the euclidean space E,,, m arbitrary, F(P;P;), (i, k=0,--- , m), are the dis- 
tances of m+1 points of E,,) is of the form (1) F(t)=(/o(1 —e-%u)y—dy(u))/2, where 
+(u) is non-decreasing for 120, and /fu-!dy(u) exists. The chief analytical results 
are the following two theorems. Theorem 2: A function f(t) is completely monotone 
for t=0, that is, (—1)"f™(#) 20, (n=0, 1, 2,- - -), for t>0, f(+0) =f(0), if and only if 
f(t?) is positive definite in Hilbert space §, that is, f(¢*) is continuous for ¢=0, and if 
Po, +++, Pmare any points of En, m arbitrary, then det |! f(P;P,2)||o,m20. Theorem 3: 
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The most general continuous function ¢(¢), (0<t< ~), ¢(t) =0, ¢(0) =0, such that if 
f(t) is completely monotone for 20, f(¢(¢)) is also completely monotone for ¢=0, is 
of the form (2) ¢(t)=/¢(1—e~™)u-dy, with y(u) as in Theorem 1. Bochner (Duke 
Mathematical Journal, vol. 3, p. 498) has previously shown that a ¢(¢) of the form 
(2) has the property of this theorem. (Received March 16, 1938.) 


261. I. J. Schoenberg: On the Peano curve of Lebesgue. 


Lebesgue’s example of a Peano curve (Lecons sur Il’ Intégration, pp. 44-45) is modi- 
fied bv defining the functions x = x(#), y= y(t) at once throughout the interval 0 <¢<1 
by two uniformly convergent series of simple continuous functions. Thus it may be 
presented, immediately after a discussion of “uniform convergence,” to any class in 
advanced calculus. The note is to appear in an early issue of this Bulletin. (Received 
March 16, 1938.) 


262. H. M. Schwartz: On a certain class of continued fractions with 
applications to Bessel functions and Lommel polynomials. 


The author considers the continued fraction \:/(x—¢1)—):/(x—e2)— +--+, 
(vx, Gx real; and shows that if both series and 
converge, then 2,(x)/x" and &,(x)/x", (Q,(x)/#,(x) being the nth convergent of the 
continued fraction), converge uniformly over the entire complex plane except at the 
point x=0. The nature of the limit functions as well as the converses of the above 
statements are also discussed. Applications are made to Bessel functions and Lommel 
polynomials. The latter are readily shown to form an orthogonal set for positive val- 
ues of the parameter, with a certain explicitly given step function as the weight func- 
tion. (Received March 17, 1938.) 


263. Wladimir Seidel: An example in conformal mapping. 


An example is constructed to show that there exists a closed Jordan curve C in 
the complex w-plane containing the origin in its interior and a closed point set E 
on C with the following property: If the interior region r determined by C is mapped 
conformally by means of the function z=f(w), f(0) =0, f’(0) >0, on |z| <1, the set E 
goes over into a set of Lebesgue measure zero on |z| =1; if the exterior region R de- 
termined by C is mapped on |z| >1 by means of the function z= F(w), F(~)=, 
F’(«#)>0, the set E goes over into a set of positive Lebesgue measure on |z| =1. 
(Received March 21, 1938.) 


264. J. A. Shohat: On the distribution of the zeros of orthogonal poly- 
nomuials. 

Under quite general conditions it is shown that the trigonometric polynomials are 
the only orthogonal polynomials whose zeros {x;} are equidistributed with regard to 
the corresponding distribution function ¥(x); that is, ¥(x2) —¥(x1) =¥(x3) (x2) 
= (@=2, 3, 4,--- ). (Received March 5, 1938.) 


265. Virgil Snyder and Evelyn Carroll-Rusk: A Cremona involu- 
tion in S; without a surface of invariant points. 
In this paper an involutorial space transformation which has no surface of in- 


variant points is considered. It is derived by means of a pencil of quadric surfaces, a 
generator g of a ruled surface projective with it, and g’, conjugate of g as to the asso- 
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ciated quadric. When g describes a plane curve, the semi-symmetric plane involution 
of Ruffini results. The space involution can be mapped upon a pencil of planes. (Re- 
ceived March 17, 1938.) 


266. I. S. Sokolnikoff and Elizabeth S. Sokolnikoff: Thermal 
stresses in elastic plates. 


It is shown that the deflection wo(x, y) of the middle surface of an elastic plate 
subjected to a distribution of temperature T(x, y, 2) satisfies the equation Vw 
=0V2(9T/0z)2-0-+02V2(9Z,/82)2-0-+03(0*Z,/92*).~0, where the stress component Z, is 
the solution of V,Z,=04(0°V?7'/d2?—V‘T), and the a’s are constants depending on the 
physical properties of the material. An explicit solution for Z, is obtained under the 
assumption that it is of the form Z,=)_}~0a;(x, y)z;, where n may bearbitrarily large. 
The equation for deflection obtained (under more severe restrictions) by A. Nadai 
(Elastische Platten, 1925) and K. Marguerre (Zeitschrift fiir angewandte Mathematik 
und Mechanik, vol. 15 (1935)) are contained in this paper as special cases. (Received 
March 11, 1938.) 


267. J. W. T. Suckau: A lemma on squares. 


In connection with a paper of Banach (Sur une classe des fonctions d’ ensembles, 
Fundamenta Mathematicae, vol. 6 (1924), pp. 170-188) the author was led to the 
problem of determining the smallest positive integer k for which the following asser- 
tion is true: If we let so, s1,- ++ , Sn be any system of closed squares in the xy-plane 
such that (1) no two of the squares have common interior points, (2) each one of the 
squares 5;,°--, Sn, has at least one boundary point in common with So, (3) the side 
length of each of the squares si, - - - , Sn is greater than or equal to the side length of 
So; then Sk. An elementary discussion shows that 8<k<13. The purpose of this 
paper is to prove k=8. (Received March, 9, 1938.) 


268. L. H. Swinford: A differential equation of R. Liouville. 


R. Liouville showed (Acta Mathematica, vol. 27 (1903), pp. 55-78) that the differ- 
ential equation y’+3mn2y?+-2y3(m,2x3 —nx) =0 has no algebraic integral and conjec- 
tured that its general integral was a new function. H. Lemke (Sitzungsberichte der 
Berliner Mathematischen Gesellschaft, vol. 18, pp. 26-31) integrated the equation, 
getting x and y as functions of Jacobian elliptic functions of a parameter. By the 
substitution y=dZ/dx the equation becomes of a class integrated by Painlevé, giving 
y a rational function of Jacobian elliptic functions with the argument e7/*%+-C. (Re- 
ceived March 14, 1938.) 


269. Otto Szisz: On Fourier series with restricted coefficients. 


The author considers functions f(x), periodic with period 2x, and Lebesgue in- 
tegrable, with the Fourier coefficients dn, b» satisfying the conditions na,=—p, 
nb,=—p, (n=1, 2,---), p20 being given. It is known that if, in addition, f(x) is 
bounded, then the partial sums s,(x) of the Fourier series of f(x) are uniformly 
bounded for all 2 and x. Several estimates for s,(x) have been given; they are sharp- 
ened and generalized in the present paper. We prove in particular: If | f(x)| Sp 
in —r<x<zx, and if va,=—p, vhh=>—p for v=1, 2,---, 2n—1, then | sx(x) | 
4), and also |sz(x)| <(1+10/x)u+2p(4 log 2—1), for 
k=1,2,---,m. (Received March 5, 1938.) 
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270. Leonard Tornheim: Integral sets of quaternion algebras over a 
function field. 


Let Q be a generalized quaternion division algebra over a function field of one 
indeterminate over F. A normalization of the basis of Q is given, and the correspond- 
ing integral sets of Dickson are determined. They are similar; and when F has char- 
acteristic 2, there is a unique integral set. Theorems on the factorization of elements in 
an integral set are obtained, and there is a discussion of the cases of F finite and of F 
the field of all real numbers. (Received March 11, 1938.) 


271. Leonard Tornheim: Sums of nth powers in fields of prime char- 
acteristic. 

The determination of those quantities of a field F with prime characteristic p 
which are sums of mth powers, and the number of mth powers needed, are sought. 
When F is finite, at most » nth powers are needed, and when p>n, at most n(n+1) 
nth powers. If n=! —1 and F has more than n+1 elements, all quantities of F are ex- 
pressible as sums of nth powers. If F is infinite and p prime to n, the same conclusion 
holds. There are only a finite number of perfect fields for which not every element is a 
sum of nth powers, and if ” is a prime there is at most one exception for each value of 
p. For a given n all exceptions can be found simply. (Received March 11, 1938.) 


272. A. W. Tucker: Chain-deformation retracts. Preliminary report. 


Let D be a linear operator in an abstract complex K which turns a p-chain into a 
(p+1)-chain, and let T=1—DF-—FD, where F is the customary boundary operator 
(cf. Lefschetz, Duke Mathematical Journal, vol. 1 (1935), pp. 1-18). Then FT=TF 
and Tc~c for any cycle c. If (1) DD=0 and (2) DFD=D, then TT=T; hence T 
reduces the homology theory of K to that of the part of K invariant under T. It is 
appropriate, therefore, to call this invariant part of K a chain-deformation retract. The 
theory of such combinatorial retracts seems to underlie the topological theorems 
which treat the reduction or invariance of homology. (Received March 19, 1938.) 


273. H.L. Turrittin: Approximate distribution of the zeros of certain 
exponential sums. 


Asymptotic approximations for the number and location of the zeros of a function 
F(z) =i Pi exp {Q;(z)} were given by MacColl (Transactions of this Society, vol. 
36 (1934), pp. 341-360), under the assumption that the Q’s are polynomials in z and 
the P’s constants. The author derives similar approximations for a function F(z) gen- 
eralized to the extent that the P,;’s are analytic functions behaving essentially as 
powers of z, |z| large. The zeros fall in a finite number of half-strips extending out 
to infinity in the complex z-plane. Three theorems, immediate extensions of those by 
MacColl, are given relating to the number and distribution of the generalized func- 
tion. The possibility of further breaking up the half-strips into zero-free regions and 
narrow curvilinear bands containing the zeros is examined and first approximations 
to the number of zeros within the bands are made. (Received March 11, 1938.) 


274. J. V. Uspensky: Remarks on Laplace's solution of the problem 
of the attraction of ellipsoids. 


The first complete solution of the problem of the attraction of ellipsoids by 
Laplace is very remarkable in itself but rather complicated. However, with the same 
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leading idea retained, it is possible to present the solution of the problem in a very 
simple and elegant manner. (Received March 9, 1938.) 


275. R. W. Wagner: On the continuity of certain matrix functions. 
Preliminary report. 


The solutions of the matrix equation p(X) =A have been studied by Roth, Frank- 
lin, Ingraham, and others. They have found that most of the solutions, when in 
canonical form, have the same block structure as A; but there may, in certain cases, 
be solutions with a different block structure. These are called extraordinary solutions. 
By considering the function inverse to p(X), this note shows how certain solutions of 
p(X) =B can be made to approach some of the extraordinary solutions of p(X)=A 
by making B approach A in the matrix space. (Received March 11, 1938.) 


276. Morgan Ward and R. P. Dilworth: Residuated lattices. 


The authors investigate lattices over which a commutative and associative multi- 
plication, distributive with respect to union, can be defined. With any such multipli- 
cation is associated a residuation with the properties of the residual in polynomial 
ideal theory. Conversely, every such residuation determines a multiplication. In ab- 
stract form the principal decomposition theorems of commutative ideal theory are 
obtained. No non-trivial projective geometry can be residuated, and a Boolean alge- 
bra can be residuated in only one way. A detailed summary of these results will appear 
shortly in the Proceedings of the National Academy of Sciences. (Received March 11, 
1938.) 


277. Hermann Weyl and F. J. Weyl: Meromorphic curves. 


A meromorphic curve C in projective space S; is defined by setting up the ratios 
of the k+1 homogeneous coordinates x; as meromorphic functions of a complex pa- 
rameter z. The line of investigation, suggested by Nevanlinna’s theory of meromorphic 
functions (case k =1 of the author’s theory), is a modification of his approach due to 
Ahlfors. A characteristic function of “order” T(r) is defined in terms of the intersec- 
tion of the curve C with an arbitrary plane aoxo+ - - - +ax4x,=0. The compensatin 
function which makes up for the missing point z= « is the mean value of log t/a 
on the circle |z| =r, the distance ||ax|| of the plane a and the point x being defined in 
terms of a unitary metric. The metric is without essential influence upon T(r). The 
first main theorem states that T(r) is independent of the plane a. The second theorem 
establishes relations among the orders 7;(r) of the curve considered as the locus of 
its points, tangents, and so on, (/=1, 2,--- ), and the numbers of stationary ele- 
ments; they differ again from the corresponding relations for a rational curve by a 
compensating term. The third and most essential main theorem deals with an esti- 
mate of the compensating terms similar to Nevanlinna’s famous defect relation. (Re- 
ceived March 11, 1938.) 


278. A. H. Wheeler: Groups of inscribed tetrahedra. 


It is shown in this paper that, in a given regular tetrahedron, there can be in- 
scribed groups of regular tetrahedra; that, in any face of the given tetrahedron, the 
vertices of any selected group of inscribed tetrahedra lie on certain equilateral hyper- 
bolas; and that these vertices are equidistant from the center of the face considered. 
(Received March 5, 1938.) 
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279. Oscar Zariski: Uniformization in valuation rings and resolu- 
tions of singularities of an algebraic surface. 

The following two theorems form the basis of the proof: 1. Given a zero-dimen- 
sional valuation B of a field = of algebraic functions of two variables over an alge- 
braically closed ground field k of characteristic zero, there exists an isomorphic map- 
ping of = upon a subfield of the field k{u, v} of meromorphic functions of elements 
u, v in =, such that B can be extended to a valuation of k{u, v}. 2. If a subring 
o=k[w,---, wm | of is integrally closed in =, the surface F, x;=w:, in Sm (called 
normal) has a finite number of singularities at finite distance. If p=(a1,---, wm) 
is a singular point of F, one passes to the ring k[a1, w2/a1, -- +, @m/o:}]and then to 
its integral closure 0’, getting a new normal surface F’. The ideal o’p is 1-dimensional, 
and if a prime zero-dimensional divisor p’ of o’p is a singular point of F’, one passes in 
the same manner to a new principal order 0” and to a normal surface F”. Virtually, 
one has an infinite sequence of principal orders oC 0’C 0’’C - - - of normal surfaces 
F® and of points p™ selected as indicated. The limit of the quotient rings 0p is a 
valuation ring. Theorem 1 implies that at most a finite number of the points p can 
be singular on their respective surfaces. Consequently, after a finite number of steps, 
the singularities of F at finite distance can be resolved. (Received March 11, 1938.) 


280. Max Zorn: On a lemma about matrices. 


Every linear family of real matrices which contains the transpose and the inverse 
(if existent) of its elements contains a unimodular orthogonal matrix. The matrix is 
obtained as any unimodular matrix in the family for which the sum of the squares of 
the elements is a minimum. The lemma constitutes a part of the proof for the existence 
of a finite basis in the group of units of a hypercomplex domain of integrity. (Received 
March 14, 1938.) 


281. E. S. Akeley: Generating functions associated with stochastic 
processes. 


Given a set of cells i=1, - - - , r, the transition probability p,; for the transfer of 
an element from cell 7 to cell 7 will be assumed proportional to certain integers Nj;. 
Consider distributions of the type (m,--- , m,;), where n; represents the number of 
elements in 7. Generating functions have been obtained for determining the transi- 
tion probability P(m,---, mr, m+) for the transition from (m, , m,) to 
(n{,--+, m2) in case (1) the particles have identity, corresponding to the classical 
statistics, and (2) the particles do not have identity, corresponding to the Bose- 
Fermi statistics. In the first case, mr, 

IIs(> Nisy,)". In the second case, the generating functions are expressed in terms 
of certain homogeneous polynomials associated with the function Tht Mii. 
Mean values of the integral powers of n{ have been obtained in both cases. Asymp- 
totic values using the methods of steepest descents can also be obtained when the 
auxiliary condition )_ nj e;=E is imposed on the distributions. (Received April 25, 
1938.) 


282. Garrett Birkhoff: Additive functionals on lattices. 

A functional m(x) defined on a lattice L is called additive if and only if m(x) 
+m(y) =m(xN y)+m(x Uy); positive if and only if implies m(x)=m(y); of 
bounded variation if and only if the sums >,” | m(x;) —m(x;_1) | <Xn), 
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are bounded. Every functional on a chain is additive, and on chains the usual defini- 
tion of bounded variation coincides with the above definition. Dimension and meas- 
ure functions are positive and additive. Now suppose L has a zero, and require 
m(0)=0. Then the additive functions on L are a partially ordered linear space, and 
those of bounded variation, a linear lattice. An additive functional is of bounded 
variation on bounded sets if and only if it is the difference of positive additive func- 
tionals. On a complemented lattice, m(x) is additive if and only if x M y=0 implies 
m(x)-+-m(y) =m(x U y); positive if and only if m(x)=0 identically; and of bounded 
variation if and only if it is bounded. On a linear lattice, additivity in the sense of 
Banach implies additivity as defined above, and an additive functional is bounded 
in the sense of Banach if and only if it is the difference of positive additive functionals. 
(Received April 22, 1938.) 


283. Edward Kasner: Polygenic functions whose associated element- 
to-point transformations T convert the points of the y plane into untons 
of the z plane. 


In preceding papers (A new theory of polygenic functions, Science, vol. 66 (1927), 
pp. 581-582; General theory of polygenic functions, Proceedings of the National Acad- 
emy of Sciences, vol. 13 (1928), pp. 75-82; A complete characterization of the derivative 
of a polygenic function, Proceedings of the National Academy of Sciences, vol. 22 
(1936), pp. 172-177) the author has shown that the derivative of a polygenic function 
w=¢(x, y)+ty(x, y) with respect to z=x-+2y defines an element-to-point trans- 
formation T (the associated element-to-point transformation T of w) from the elements 
of the z-plane to the points of the derivative y-plane. The transformation T must 
possess these three characteristic properties: (i) the circle property, (ii) the ratio 
-2:1 property, (iii) the affine-similitude property. In this paper, the author finds the 
totality of polygenic functions such that T associates with any point of the y-plane a 
union of the z-plane. These are (a) w=f(z), (b) w= —(az+b)/[a(az+5) ]+cz+d, and 
(c) w=Az+Bz+C. These transformations induce the corresponding geometric situa- 
tions in the z-plane: (a) the ~? point unions (stars) or the opulence (the totality of ~? 
elements); (b) the »? circles and the ©! lines through a fixed point; (c) the ©! fields 
defined by parallel lines. The interesting solution is the new type (b) of fractional 
quadratic polygenic functions. (Received April 11, 1938.) 


284. Edward Kasner and J. J. De Cicco: The derivative clock con- 
gruence of a polygenic function. 


This paper is a continuation of the paper Note on the derivative circular congruence 
of a polygenic function (Kasner, this Bulletin, vol. 34 (1928), pp. 561-565). Kasner 
has shown that the derivative of a polygenic function w=¢(x, y)+i)(x, y) with re- 
spect to z=x-+iy is represented by a congruence of circles or clocks. A clock consists 
of a circle together with an initial (or phase) point. By a radial-phase shall be meant 
the phase point together with the radius of a clock. In this paper the authors find the 
necessary and sufficient conditions that a congruence of clocks or circles or radial- 
phases represents the derivative congruence of clocks or circles or radial-phases of a 
polygenic function w. The following conclusions are obtained: (a) a congruence of 
clocks represents the derivative of either none or ~? polygenic functions; (b) a con- 
gruence of circles represents the derivative of either none, 2, 2 2, or «3 polygenic 
functions; (c) a congruence of radial-phases represents the derivative of either none, 
02, 202, or ©” polygenic functions. (Received April 11, 1938.) 
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285. R. E. Langer: The boundary problem of linear differential sys- 
tems in the complex domain. 


The differential systems considered are y;’(x) =), { }y-(x), the roots 
1;(x) of the determinant | as;(x) —d,;r(x) | being assumed distinct and non-vanishing. 
The variable is not restricted to be real. For suitable regions of the complex plane, 
within which the coefficients are analytic, asymptotic solutions of the system are ob- 
tained for a set of sectors which cover the entire plane of the complex parameter A. 
This is done without the customary hypothesis that arg {r;(x) —1;(x)} be constant. 
The systems obtained by adjoining boundary conditions which apply at any finite 
set of points in the complex plane are considered. The Green’s functions are con- 
structed and the adjoint systems are defined and studied. The notion of regularity is 
extended and for regular systems the expansion of “arbitrary” sets of functions, that 
is, vectors, is discussed. In this the usual hypothesis that arg {r;(x)} be constant is 
dispensed with. The theory given includes as special cases that in which the boundary 
conditions apply at just two points, or at more than two points of an interval of the 
axis of reals. Especially in the latter case, this formulation has distinct advantages 
over that given heretofore. (Received April 25, 1938.) 


286. Sam Perlis: Maximal orders in rational cyclic algebras of com- 
posite degree. 

Consider a normal division algebra A of prime-power degree » =x‘ >2 over the 
field R of all rational numbers, and let , - - - , gs be the ramification spots of A. In 
case e>1 assume that = is not one of the g;, and in case m =2¢ assume that the infinite 
prime spot is not one of the g;. If the g-index of A is n;, then A has a cyclic generation 
A=(Z, S, ¢), (e=[]qi), where the cyclic field Z has conductor a prime p=1 
(mod n), discriminant p*~!, and the property that each gq; is a prime ideal in Z. There 
are m quantities y in A such that M=Zo+7:"!yZo+ --- +7z4:y""1Zo is a maximal 
order, where the 7; are certain rational integers whose only prime factors are the q; 
and Zo is the set of all integers of Z. Each of these m distinct maximal orders M con- 
tains the quantity u of A which satisfies u*=o and generates A over Z. For the case 
n an odd prime these results specialize to those obtained by Hull (Transactions of 
this Society, vol. 38 (1935), pp. 514-530). (Received April 4, 1938.) 
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